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a^ ■ 

The one-loop renormalization of a general chiral gauge theory without scalar and 
^ ' Majorana fields is fully worked out within Breitenlohner and Maison dimensional 

renormalization scheme. The coefficients of the anomalous terms introduced in the 
Slavnov- Taylor equations by the minimal subtraction algorithm are calculated and 
the asymmetric counterterms needed to restore the BRS symmetry, if the anomaly 
cancellation conditions are met, are computed. The renormalization group equation 
and its coefficients are worked out in the anomaly free case. The computations draw 
^ ' heavily from the existence of action principles and BRS cohomology theory. 

\o 
l> 
o 

^ ! 1. Introduction 

0^ 

^ ' Dimensional Regularization [1,2] is the standard regularization method in four dimen- 

sional perturbative quantum field theory as applied to particle physics. Both its axiomatics 
p • and properties were rigorously established long ago [3,4,5,6,7,8,9,10] and quite a number of 
D ! computational techniques based on the method have been developed over the years [11,12]. 
^ ' Involved multiloop computations of the parameters of the Standard Model, a must due 
to the availability of high precision tests of the model in particle accelerators, have been 
^ ■ carried out in the simplest possible setting thanks to dimensional regularization [13]. The 
success of Dimensional Regularization as a practical regularization method stems from the 
fact that it preserves the BRS symmetry of vector-like non-supersymmetric gauge theories 
without distorting neither the shape of the integrand of a regularized Feynman diagram 
nor the properties of the algebraic objects involved (no chiral objects being present). The 
minimal subtraction scheme, the famous MS scheme [11], then leads [2] to a renormalized 
BRS-invariant theory [3,6]. Counterterms are generated by multiplicative renormaliza- 
tion of the tree-level Lagrangian, so that P functions and anomalous dimensions can be 
computed easily [10]. 

It is an empirical fact that electroweak interactions are chiral and hence vector-like 
gauge theories does fail to account for them. It turn thus out that chiral gauge theories 
are of key importance to understanding Nature. Unfortunately, Dimensional Regulariza- 
tion loses its smartness when applied to chiral gauge theories. The algebraic properties 
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that the matrix 75 has in four dimensions cannot be maintained without introducing al- 
gebraic inconsistencies as we move away from four dimensions [14]. Hence, within the 
framework of Dimensional Regularization, the definition of the object 75 in "d complex 
dimensions" demands a new set of algebraic identities. There exists such a set of identi- 
ties, they were introduced in ref. [3], following refs. [2,15], and they entail that the object 
75 anticommutes no longer with the object 7^. The axiomatics of dimensional regular- 
ization so established is the only one which has been shown to be thoroughly consistent 
at any order in perturbation theory if cyclicity of the trace is not given up (see ref. [16] 
for the non-cyclic trace alternative). Minimal subtraction [11] of the singular part of the 
dimensionally regularized Feynman diagrams, a subtraction procedure known as minimal 
dimensional renormalization [3,4,5,6], leads to a renormalized quantum field theory that 
satisfies Hepp axioms [20] of renormalization theory. Field equations, the action principles 
and Zimmerman-Bonneau identities hold in dimensional renormalization. This has been 
rigorously shown in refs. [3,4,5,6,7,17] and it constitutes one of the key ingredients of the 
modern approach to the quantization of gauge theories by using BRS methods [18,19]. 

That Dimensional Regularization can be used along with algebraic BRS techniques 
is of the utmost importance, for this regularization method and the minimal subtraction 
algorithm that comes with it break, generally speaking, chiral gauge symmetries. This 
breaking gives rise to both physical and non-physical anomalies [7,21]. Physical anomalies 
in the currents of the Lagrangian impose anomaly cancellation conditions [23] , lest the the- 
ory ceases to make sense as a quantum theory. These anomalies belong to the cohomology 
of the Slavnov- Taylor operator that governs the chiral gauge symmetry at the quantum 
level and they are not artifacts of the regularization method nor due to the renormalization 
scheme employed. Non-physical anomalies correspond to trivial objects in the cohomology 
of the BRS operator and, therefore, they can be set to zero by an appropriate choice of 
finite counterterms [21]. Non-physical anomalies are artifacts either of the regularization 
method, the renormalization method or both. 

Notwithstanding the unique status that as a thoroughly consistent framework the 
Breitenlohner and Maison scheme enjoys among the dimensional renormalization prescrip- 
tions, there is, up to the best of our knowledge, no complete one-loop study of a general 
non-Abelian chiral gauge theory, let alone the Standard Model. Most of the implemen- 
tations of dimensional regularization in quantum field theories which involve the matrix 
75 and are anomally-free, e.g. the Standard Model, take a fully anticommuting 75 in "(i 
complex dimensions" . This is the so-called "naive" prescription for the object 75 [22] . The 
purpose of this paper is to remedy this situation by carrying out such one-loop study for 
a general chiral gauge theory with neither scalar nor Majorana fields. The inclusion of 
scalar fields will be discussed elsewhere. 

The layout of this paper is as follow. In Section 2 we give a quick account of the 
dimensional renormalization algorithm d la Breitenlohner and Maison, the Regularized 
and Quantum Action Principles and Bonneau identities. Section 3 is devoted to a thorough 
study of the one-loop dimensional renormalization of a general chiral gauge theory for a 
simple gauge group. In this section the BRS anomaly is computed for the first time in 
the Breitenlohner and Maison framework. Of course, the standard anomaly cancellation 
conditions are thus obtained. The beta function and the anomalous dimensions of the 
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theory are computed in this section as well. Again, the one-loop renormalization group 
equation for the model at hand had never been work out as yet in Breitenlohner and 
Maison scheme. In section 4 we adapt the results obtained in the previous section to the 
case of a non-simple gauge group. We also include three appendices. In Appendices A 
and B we show how to use the action principles to obtain the breaking of the Slavnov- 
Taylor identities. In Appendix C we compare, for a simple gauge group, the one-loop 
renormalized chiral gauge theory obtained by means of the Breitenlohner and Maison 
scheme with the corresponding one-loop renormalized theory obtained with the help of an 
fully anticommuting 75 in "d complex dimensions" . 

2. Dimensional renormalization: notation and general results 

As explained in the Introduction, we will use the formulation of dimensional renormal- 
ization given by Breitenlohner and Maison [3,4,5], because it is a systematic and consistent 
procedure (valid in the sense of Hepp [20] to all orders in perturbation theory) in which 
tools like field equations, action principles and Ward identities can be rigorously imple- 
mented. This applies specially to the treatment of 75. 

We will also compare Breitenlohner and Maison formulation with the "naive" pre- 
scription which sets the object 75 to anticommute with the object 7^ [22]. 

2.1. The Breitenlohner and Maison "d- dimensional covariants" 

Breitenlohner and Maison define the usual d-dimensional "Lorentz Covariants" {g^u, 
Phi Ihi etc..) to be formal objects obeying the standard algebraic identities that they 
would satisfy in spaces of integral dimension [3] {d is a complex number, indices do not 
take any value and questions like of "Lorentz invariance" are meaningless !). 

Besides the "d-dimensional" metrics g^y., they introduce a new one, g^y., which can 
be considered as a "(d — 4)-dimensional covariant". Moreover the e tensor is considered to 
be a "4 dimensional covariant" object (because of axiom in eq. (2) below). 

The symbols are required to obey (apart from obvious rules concerning contractions 
of indices, addition, multiplication by numbers, commutation of some symbols, etc.): 

g'^'p. = P^ g'^'p. = P^ g"""!. = 7^ g"""!. = 7^ 

g% = d, TVI = 4, {7^7-} = 2^^'^I; 

4 

eMi-M4ei.i...i.4 = - Yl ^^&^^Il(9^lil^^^i) - g^in^^^i)), (2) 

TvE S4, i=l 

where ^4 denotes the permutation group of 4 objects, and I is the unit of the symbolic 
algebra of gammas. 

With the definitions 

= g^" - g^"" , r''p.=P^, ^"1. = ^, 
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75 = 4!^^,...P47'^^---7'^^ (3) 

and the assumption of cyclicity of the symbol Tr, the following properties can be proved 
algebraically [3] 

gi^ug^p = 0, p-q=0, QiiuQ^'p = 9pp, g^^ = d- 4, g^",, = 4, 

^pi...p4 — SlgnTT e/i^(i).../x^(4) , 

^p\...p4,y — ^IX\...IX4,y — ^p\...IX4,y 1 

It7'^ = IV75 = 0, 7| = I, 

IV b'^T'Ts] = TV [7''7"75] = TV [7'^7"75] = TV [7'^7"75] = 0, (4) 
IV [7^^! • • •7'^^75] = TV [7^1 • • •7''^75] = *TVI e^,...^,; 



{75, 7^^} = {75,7''} = 2757'' = 27^75, 

[75, 7l = [75, 7l = 2757'' = -27^^75, (5) 
{75,7^^} = [75,71 = 0. 

g'^^ can be thought of as a projector over the "4-dimensional space" and g^^ as a 
projector over the "(cZ — 4)-dimensional" one. 

All usual formulae (not involving 75) used for computing traces of strings of gammas 
in terms of combinations of the metric remain valid, even when the gammas are hatted 
or barred: in these cases one has only to put hats or bars over the corresponding metrics. 
Also the trace of an odd number of (normal, hatted or barred) 7s vanish. 

Strings of gammas with contracted indices are simplified with the aid of formulae like: 

7^^7-7^ = (2 - c^)7^ 

7^r7M = -2r, 7'^r7M = -4r, 
7''7"7m = (6 - d)r. = (4 - d)r. 

Of course, when 75 of the e tensor appear the situation is very different. In the "naive" 
prescription, one assumes the anticommutativity of 75: {7;Lt,75} = 0, and the cyclicity of 
the trace. FVom these assumptions one obtains [3,10,14,21] 

2dTr[75] =0, 

2(d-2)TV[7^,7^,75] =0 if ^ 0, (6) 
2{d - 4) IV[7^, . . . 7^,75] =0 if d ^ 0, 2; 

which has the consequence that TV[7^^ . . .7^475] is identically in the dimensionally regu- 
larized theory (cZ 7^ 4). So, it also vanishes in the dimensionally renormalized theory, which 
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is incompatible with the true property (see eq. (4)) in four dimensions. We could introduce 
the symbol e with the requirement that it satisfies cq. (4), but then the symbol e would 
be identically 0. Despite this well known fact, people use the "naive" prescription in e.g. 
the Standard Model, but they do not set e equal to and at the end of calculations the 
symbol e is supposed to have its usual meaning as the Levi-Civita tensor. This is clearly 
a mathematical inconsistency (the axioms are not compatible) and when mathematical 
inconsistencies are present, results obtained from the axioms are ambiguous and cannot 
be trusted. 

Eq. (6) is obtained by computing Tr [7^^ . . .7^^7^7075] in two different ways: first, 
one contracts the index a without moving around the 75 and, second, one anticommutes 
the 7a which is next to the 75 with this very 75 and puts it on the left thanks to the 
cyclicity of the trace; then, one anticommutes it to the right through the rest of 7s until 
the other 7" is met, contraction of the index a is now carried out. So, at least the trace 
of six 7s, having two indices contracted, and a 75 are needed to obtain this inconsistency. 

Here, the ambiguity in the results is a consequence of the choice of the position of the 
75. For example, if the 75 is not moved in any case, 

Tr [7^^ . . . 7'^^7"7«75] = ^Tr [7'^^ . . .7^*75], 
^ -Tr [7,7^1 . . . 7'^^7"75] = (8 - d) Tr [7'^^ . . . 7'^^75], (7) 

unless the trace of four 7s and one 75 (or the e tensor) is 0. 

Notice that the ambiguity will be always proportional to {d — 4) or a ((i — 4) object 
like 7^, but there are poles in {d ~ 4) in the divergent diagrams that will make finite this 
ambiguity in the dimensionally renormalized theory, even in one loop calculations. 

Then, why do people go on using the "naive" prescription in calculations of, e.g. 
Standard Model? The key is that the ambiguities are claimed to be always proportional 
to the coefficient of the (chiral gauge) anomaly. So, it would appear that one could freely 
use the "naive" prescription in theories with cancellation of anomalies (like the Standard 
Model). Calculations to low orders in perturbation theory in some models support this 
idea but there is not a rigorous proof of it valid to all orders in perturbation theory. (Also, 
it seems difficult to build a consistent theory with inconsistent elements) . 

We shall close this subsection with a few words regarding the construction of Lorentz 
covariants due to Wilson and Collins [24,10]. It is worth mentioning it since it furnishes 
explicit expressions for the Lorentz covariants satisfying eqs. (l)-(2), thus showing that no 
inconsistencies arise. In this construction gamma "matrices" are represented as infinite 
dimensional objects. The "matrix" 75 being defined by eq. (3), with e^^...^^ as defined by 
eq. (2). However, we will not use this construction but the algebraic approach of abstract 
symbols by Breitenlohner and Maison. 

2.2. Minimal dimensional renormalization and the renormalized theory 

Dimensional renormalization a la Breitenlohner and Maison is carried out by applying 
the pole subtraction algorithm [3,4,5,6] as given by the forest formula to each dimensionally 
regularized IPX Feynman diagram. This algorithm can also be implemented by adding to 
the "d-dimensional" Lagrangian (see below) counterterms whose coefficients have poles at 
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d — 4. Both the set of dimensionaUy regularized Feynman diagrams, which conforms what 
is referred to as the regularized theory, and the renormalized IPI functional obtained from 
them are best established in the following way: 
i) Write a classical, i.e. order zero in h, action, ^o, in d space-time dimensions {d 
being a generic positive integer) which yield the four dimensional action of the theory 
when the formal limit d ^ 4 is taken. The "d- dimensional" covariants in 5*0 are 
defined as in the previous subsection. We shall assume as in ref. [3] that each free 
term, J d'^x ^(/)D(/), in 5*0 is such that is the same algebraic expression as in four 
dimensions, although it is expressed in terms of "d-dimensional" covariants. cf) denotes 
a collection of bosonic or fermionic fields. ihD~^ gives the free propagator, will 
be referred to as the Dimensional Regularization classical action. We shall call the 
"(i-dimensional" space-time used above to set the Dimensional Regularization classical 
action, 5*0, the "d-dimcnsional" space-time of Dimensional Regularization. 

ii) Use the Dimensional Regularization classical action, ^o, along with standard path 
integrals textbook techniques, formally applied, to obtain the set of "d-dimensional" 
Feynman rules stemming from it. These Feynman rules will lead to the collection 
of Feynman diagrams in the d-dimensional space-time of Dimensional Regularization, 
d being a generic positive integer, which is to be turned into the dimensionaUy reg- 
ularized Feynman diagrams by using the algorithms in refs. [3,4,5,10]. This set of 
dimensionaUy regularized Feynman diagrams defines the regularized theory. 

iii) Introduce the Dimensional Regularization generating functional ^DReg[<^; K; A]: 

Zj,nes[J;K;X] = J Vcj> eM^i So[(l>; K; X] + J d^x Ji{x)(j)i{x))}, (8) 

where the right hand side of eq. (8) is defined as the formal power expansion in h, K 
and J given by the Feynman diagrams obtained by using the "d-dimensional" Feynman 
rules previously established. The symbols K and A denote, respectively, any external 
field, usually coupled linearly to composite operators, and any parameter occurring in 
the action. Let us stress that eq. (8) is merely a symbol which denotes the whole set of 
Feynman diagrams in the "(i-dimensional" space-time of Dimensional Regularization, 
d being a generic positive integer, which are converted into dimensionaUy regularized 
Feynman diagrams by analytic continuation in d. However, this symbol is very useful 
due to the Regularized Action Principle [3,4,5] discussed below. Indeed, the standard 
formal manipulations of the path integral, e.g variations of fields and differentiation 
with respect to parameters, that in four dimensions lead to equations of motion. Ward 
identities and so on, can be formally performed in the path integral in eq. (8); thus 
leading to formal functional equations involving ^DReg- These formal manipulations 
are mathematically well defined if expressed in terms of the dimensionaUy regularized 
Feynman diagrams arising from the right hand side of eq. (8), and the formal func- 
tional equations they lead to are also mathematically sound if they are considered as 
symbols denoting in a condensed manner the equations verified by the corresponding 
dimensionaUy regularized Feynman diagrams. These equations are the dimensionaUy 
regularized counterparts of the four dimensional equations of motion. Ward identi- 
ties, etc. It is also useful to introduce the Dimensional Regularization IPI functional. 
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rDRegf*/*; -f^; A], which can be obtained from eq. (8) through formal Legendre trans- 
form; a procedure well defined in terms of regularized Feynman diagrams. Again, the 
Regularized Action Principle guarantees that the formal functional equations verified 
by rDReg[0; K] A] make sense mathematically when expressed in terms of dimension- 
ally regularized Feynman diagrams. We shall refer to the formal equations satisfied 
by -^DReg and FoReg as dimensionally regularized equations, keeping always in mind 
the previous discussion. 
iv) If there are classical symmetries in the four dimensional classical theory that should 
hold in the quantum theory, one generalizes next the corresponding field transfor- 
mations to the d-dimensional space-time of Dimensional Regularization. Objects 
in this d dimensional space-time should be defined according to the algebra of "d- 
dimensional" covariants given in the previous subsection. The field transformations 
in the d-dimensional space-time thus obtained should yield, in the limit d ^ 4, the 
classical four dimensional transformations. Generally speaking, the transformations in 
the d dimensional space-time of Dimensional Regularization do not leave invariant the 
Dimensional Regularization classical action Sq. This lack of invariance will make the 
Dimensional Regularization generating functionals, ZoReg and FoReg, satisfy anoma- 
lous Ward identities, which can be derived (see Appendix A) by performing formal 
manipulations of the path integral in eq. (8). Again, the Regularized Action Principle 
guarantees that both these formal manipulations and the identities they lead to have 
a well defined mathematical meaning when expressed in terms of dimensionally reg- 
ularized Feynman diagrams. The dimensionally regularized identities so obtained are 
of enormous help in the computation of the anomalous breaking terms of the dimen- 
sionally renormalized four dimensional theory (see next subsection), which otherwise 
would have to be computed by evaluating the complete dimensionally renormalized 
IPI functional. 

v) The minimal subtraction algorithm of references [3,6] is applied next to every dimen- 
sionally regularized Feynman diagram coming from the IPI functional FoRegi^; K; A]. 
The minimally renormalized IPI functional Fminrenf*/'; -f^; A; //] (/U stands for the Di- 
mensional Regularization scale) is obtained by taking the limit (i — > 4, first, and then 
setting every hatted object to zero in every subtracted IPX diagram. The minimal 
subtraction algorithm amounts to subtracting the pole at (i = 4 from every diagram 
once sub divergences have been taken care of, and it can be formulated in terms of 
singular, at (i = 4, counterterms [3] added to the Dimensional Regularization classical 
action Sq. These singular counterterms, which can be read from the forest formula 
[3,10], are local polynomials of the fields and their derivatives in the d-dimensional, 
with d^ A, space-time of Dimensional Regularization. The coefficients of these poly- 
nomials are the principal part at (i = 4 of a certain meromorphic function of complex 
d. The singular counterterms in question give rise to new "d- dimensional" vertices, 
which in turn yield new Feynman diagrams that cancel, after dimensionally regular- 
ized, the singular behaviour of the dimensionally regularized diagrams provided by 

According to ref. [6] the dimensional regularization scale, /i, is introduced by replacing 
every loop momentum measure t^-^ with d p ]-,gfQj.g applying the subtraction 
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algorithm. If one follows the procedure of singular counterterms, the previous re- 
placement should be made regardless the diagram involves singular counterterms. 
The introduction of the scale fi will render dimensionally homogeneous the Laurent 
expansion around d — 4 oi a, given dimensionally regularized diagram. 
Unfortunately, if there is a symmetry we wanted preserved at the quantum level, the 
renormalized functional Fminrenf^; K; A; ji] would not do, since it would not define, in 
general, a quantum theory having such a symmetry: the regularization and also the 
subtraction process may break the symmetry. However, the situation is not hopeless. 
Algebraic BRS renormalization along with the Quantum Action Principle [18] comes in 
our aid: if the anomaly cancellation conditions [23] are met, the anomalous breaking 
terms, called spurious, can be canceled at each order in h by adding appropriate 
counterterms to the four dimensional classical action of the theory. 
Suppose that n is the order in the h expansion at which a non-anomalous symmetry is 
broken for the first time in the dimensionally renormalized theory. Then, 

vi) Compute the breaking, which will be a local four dimensional functional, with the help 
of the action principles and the Bonneau identities [6,7,8]. This can be easily done (see 
next subsection) by taking as action, not the classical one, ^o, but a new action 5*^") = 
So + 'S'grt 5 where S'g^^ denotes the set of singular counterterms needed to minimally 
renormalize the theory at order h^, and then redo steps to v). Indeed, if (i ^ 4, the 
Regularized Action Principle still holds for the Dimensional Regularization generating 
functionals, Z£,^eg[J ] K ] X] and rDReg[0; -f^; A], defined for S^'^\ and, hence, we can 
take advantage of the dimensionally regularized equations, in the sense explained in 
ii), to obtain the renormalized equations verified by rminren[</'; K; A; /j,]. 

Next, extract from the breaking the four dimensional finite counterterms needed to 
restore the symmetry, generalize them to d space-time dimensions with the help of the 
algebra of d-dimensional covariants (we shall denote this generalization by 5'^^'' ) , and 
add them to the action S^'^^ to obtain yet another new action S'^'^^g = 5*0-1- S^^^ + 

(n) (n) 

'^fct ■ '^DReg ^^^^ ^® called the Dimensional Regularization action. Furnished with 

this new action S^^^^^, establish then new perturbation theory: redo steps i) to v) 

upon replacing Sq with 'S'j^gg. The new renormalized IPI functional, rj-en[4'', K; A; //], 
will satisfy up to order h'^ the Ward identities that govern the given symmetry at the 
quantum level. Move on to vi) and compute the breaking at order h^'^^, and so on 
and so forth. 

vii) Use the Bonneau [6,7] identities to obtain the renormalization group equation at every 
order in the perturbative expansion for the theory being analyzed. Thus the beta 
functions and anomalous dimensions of the theory will be evaluated. 

Let us close this subsection by making some remarks on the generalization to d space- 
time dimensions, i.e. to the (i-dimensional space-time of Dimensional Regularization, of 
the four dimensional classical action, the four dimensional counterterms needed to restore 
non-anomalous symmetries and the four dimensional symmetry transformations. If the 
classical action of the theory involves objects whose properties depend on the dimension of 
space-time {e.g. 75, the Levi-Civita symbol,...) there is no canonical Dimensional Regular- 
ization classical action, So,md space-time dimensions. Any local functional which formally 
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go to the four dimensional classical action as cZ — > 4 would do, provided the free terms of 
the former lead to the propagators described in i). For instance, let Ki and K2 be a couple 
of positive real numbers, then, the four dimensional metric and gamma matrices in the in- 
teraction part of the four dimensional classical action can be replaced with ^^j^ + nig^v and 
7/x + «^27m' respectively, to obtain an admissible biparametric family of Dimensional Reg- 
ularization classical actions. Each member of this family yields a particular regularization 
of the theory, this situation is somewhat reminiscent of the lattice regularization method. 
Generally speaking the difference between two admissible "(i-dimensional" lagrangians will 
always be a local "evanescent" operatorf vanishing as the coupling constants go to zero. 
Analogously, in the type of theories under scrutiny, namely, chiral gauge theories , there is 
no canonical generalization to d-dimensional space-time of Dimensional Regularization of 
the four dimensional finite counterterms needed to restore a non-anomalous broken symme- 
try. Again, two such generalizations of a given four dimensional finite counterterm which 
agree up to order Ti^~^ will differ in a "d-dimensional" integrated "evanescent" operator of 
order . However, the dependence on the choice of generalization will show in the renor- 
malized theory at order Ti^^^ , never at order TiJ^ . Last, but not least, from the point of view 
of renormalization, there is no canonical generalization to d space-time dimensions of the 
symmetry transformations of the fields for theories which are not vector-like. Again, two 
such generalizations differ in an "evanescent" operator. However, this arbitrariness in the 
choice of Dimensional Regularization classical action, "d-dimensional" finite counterterms 
and symmetry transformations is useful since one can play around with it so as to simplify 
the form of the symmetry breaking contributions. Finally, for vector-like theories such as 
QCD, there is, of course, a canonical choice of Dimensional Regularization classical action 
and vector-like transformations: the usual one [10]. 

2.3. Regularized and Quantum Action Principles 

As we said in the previous subsection, one of the main characteristics of the dimen- 
sional renormalization procedure is that action principles are precisely stated and proved 
[3-5]. These principles are most efficiently expressed in terms of the Dimensional Reg- 
ularization generating functional, ZDReg['/; -f^; A], for the Greens function given by the 
Gell-Mann-Low series and the dimensional renormalization IPI functional, ri.en[0; K] A; //], 
obtained from it (see previous subsection). 

Let us take as Dimensional Regularization action (see vi) in the previous subsection) 



where denotes a collection of commuting or anticommuting quantum fields, K set of 
commuting or anti-commuting external fields, A is a generic parameter, and 



t An "evanescent" operator is an operator whose tree level contribution vanishes as 




(9) 




5int[0; K- A] = 5oi„t[0; K- A] + 5,^,7[0; A] + 4V[0; K- A]. 



d 



4. 
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We next introduce 



5int[0, J, K, A] = 5int[0, K,X]+ J d^'x Ji{x)ct)i{x) 
and define, following eq. (8), the functional ^DReg 

ZDReg[J;i^;A] = j P(/>exp{^(5S,g + j J,0,)} = (exp{^5iNT[</';J;i^;A]}>,. (10) 

The symbol exp in the previous equation stands for its formal power series and the symbol 
{• • •)o denotes the usual vacuum expectation value 

{■ ■■)() = j T>4> ■■■ exp{^S'ofree[0; A]}, 

defined by gaussian integration, which gives a formal power scries in h and the external 
fields J and K. Each coefficient of this series is a sum of "d-dimensional" Feynman 
diagrams. Every "li-dimensional" Feynman diagram can be converted into a meromorphic 
function of d by promoting d to a complex variable and understanding the "d-dimensional" 
covariants as in subsection 2.1. 

Now, the Regularized Action Principle states that the following three functional equa- 
tions hold in the dimensionally regularized theory: 

1) Arbitrary polynomial variations of the quantized fields 50 (x) = 59{x) P{4){x)) 
leave ^DReg invariant and 

5^DReg[J,i^] = ((^(-Sfree + -5iNT)exp|^5iNT[0, A]}>Q = 0, (11) 

where the variations arc the linear parts in 56. 

2) variations of external fields E{x) = (i^(a;), J{x)) give 

,5SmT ( i lA T \^\\ .*-^-^DReg[-^, -f^, A] 

^SW) ^"PU^^^^f'^' ^' ^] />o = 5E{^) • (12) 

3) variations of parameters give 

( exp^-SmT[<P,J,K,X]j)^ = -ih 1^^^ . (13) 

Let us explain in what sense are the functional equations (11), (12) and (13) math- 
ematically meaningful. First, these equations arc to be understood diagramatically only. 
The formal expansion in powers of Ti, K and J of both sides of each equation leads to 
an infinite set of equations involving only "(i-dimensional" Feynman diagrams. It is this 
infinite set of diagramatic equations in the d-dimensional space-time of Dimensional Reg- 
ularization what is taken as the definition of the corresponding functional equation. The 
Regularized Action Principle [3,6] states that this very set of diagramatic equations still 
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holds if every formal "d-dimensional" Feynman diagram in them is replaced with its di- 
mensionally regularized counterpart, with the scale /i introduced as explained in 2.2.v).] 
A mathematically sound set of equations is thus obtained. Of course, it is easier to handle 
the functional equations above than their dimensionally regularized diagramatic definition. 
Furthermore, this functional equations can be deduced by formal path integral manipu- 
lations, which in turn can be given a diagramatic definition valid within the Dimensional 
Regularization method d la Breitenlohner and Maison. Let us finally note that the limit 
(i ^ 4 of dimensionally regularized the Green functions coming from the right hand side 
of eqs. (12) and (13) does exist at each order in the fi expansion up to order n. Notice 
that we have included in the action •S'^gg, defined in eq. (9), the appropriate singular 
counterterms up to order %^ . Hence, eqs. (12) and (13) have a well-defined d — > 4 limit up 
to order Ti^ and can be used to compute the variations with E{x) and A of the renormalized 
functional Z^-f^J^J-. K: A] up to order h^. 

The Regularized Action Principle given by eqs. (11), (12) and (13) leads [3,6,7,10] to 
the Quantum Action Principle (see ref. [25] and references therein) which states that the 
following functional equations hold for the dimensionally renormalized theory: 

QAPl) 

dx ^ dx J ^ ' 

QAP2) 

5E{x)-^^ SE{x) J ^^^^ 

QAP3) Let (j)'{x) = P{(j){x)) denote a linear transformation of 0(a;) whose coefficients 
do not depend explicitly on d, then 

QAP4) If d4>{x) is a non-linear field transformation in the four dimensional space-time 
and K{x) is the external field coupled to it, then 

5r,en ^ ^^^^^^^ . ^^^^^ ^^^^ 



SK{x) S(l){x) 

where the symbols N[- • •] and N[- • •] Tren denote normal product as defined in refs. [6,7,10] 
and its insertion in the renormalized IPI functional, respectively. N[(9(x)] is a local 
normal product of ultraviolet dimension 4 — dim(0) -|-dim(5(/)). Sq and S^^^ have been 
defined in i) and v) of subsection 2.2. 

Eqs. (14)-(17)have been shown to hold by using the forest formula [3,4,6,7] and the 
singular counterterms algorithm [10], respectively. Of course, both proofs are equivalent. 



t The scale fj, is introduced so as to render dimensionally homogeneous the Laurent 
expansions around d = 4. 
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The Quantum Action Principle is of the utmost importance to the renormahzation 
of BRS symmetries [18], for it guarantees (see QAPl and QAP2) that the breaking of 
such symmetry is given by the insertion into the dimensionally rcnormahzed IPI Fren of a 
certain integrated normal operator, N[0] = J d'^x N[0{x)], where N[0(a;)] is a local normal 
operator of ultraviolet dimension 4 — dim(^>) + dim(s$) and ghost number 1. Indeed, the 
following equation holds for rren[<^, ^; K^] 

«5(rre„) = jd'^X M^^^ + = ^breaking. (18) 

with Abreaking = N[C] • Fj-en- In the previous equation ip and $ stand for fields which 
undergo linear and non-linear BRS transformations, respectively. As it is customary s(p 
denotes a BRS transformation. stands for the external field coupled to the non-linear 
BRS transformation s$ in the four-dimensional classical action [18]. 

Now, if finite counterterms have been added to the four-dimensional classical action 
so that the BRS symmetry is preserved up to order Ji^~^ {i.e. the first non- vanishing 
contribution to the right hand side of eq. (18) is order h'^), eq. (18) reads 

5(rren)=N[0](-)+0(;i"+l). 

Where N[0]('^^ is the contribution to N[0] of order h^. We have taken into account that 
N[C>] ■ Fren = N[C]('^) + O (^ N [C] ('^) ) , siucc by assumption N[C] ■ F^en = O(n^). 

Next, if N[C](") = -h''bSict,n («-e. N[C](^) is 6-exact) for some four-dimensional 
integrated local functional of the fields, the BRS symmetry can be restored, up to order 

by adding to the four-dimensional classical action the finite counterterm S{ct,n [18]- 
Here b denotes the linearized BRS operator: 

and Fren is the order contribution to Fren, ^-c the BRS invariant classical four dimen- 
sional action. Then, we set 5'^^'* = Yl,m=i ^'"'5'fct,m- Of course, if N[C>](") is not 6-exact 
the theory is anomalous at order h^. 

The computation of the right hand side of eq. (18), Abreaking, is the issue we will 
discuss now. One can always compute the complete IPI functional Fren at each order in h, 
insert it in the left hand side of equation (18), work out the functional derivatives and thus 
obtain the right hand side. This method is, of course, very impractical. The Regularized 
Action principle, as given in eqs. (11) and (12), provides us with a more efficient way to 
compute the symmetry breaking term of the BRS symmetry. Indeed, in Appendix A we 
show that the following functional equation hold, in the same sense as eqs. (11) and (12), 
for the IPI formal functional FoReg 

5d(rDReg) =Jdx + -J^^ ^ - 

= A . F.Reg + A. . F.Re, + / d^. . F.Re,] (19) 
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were FoReg is the IPI functional computed with the Dimensional Regularization action, 
defined at the beginning of the current subsection. The symbol denotes the 



An) 
'-'DReg' 

generalization to d dimensions of the four-dimensional BRS transformations (see 2.2.iv)). 
The operators A and Act are given by A = saSo and Act = SdS^\ respectively. Here, 



Sq = So free + 'S'omt cL^d S^^^ = S^^^ + S^^^ (scc cq. (9) and the paragraph below it for 
definitions). 

Let us recall that FoReg is defined as a formal series expansion in powers of h and the 
fields (fi, $ and K(j). The coefficients of this power series are IPI Green functions of the 
theory at a given order in h. Taking into account that FoReg contains the contributions 

coming from the singular counterterms up to order , denoted by 5'^"^'* 7 one concludes that 
the dimensionally regularized IPI Green functions obtained from F^Reg are finite in the 
limit (i ^ 4 up to order h^. These IPI Green functions are the dimensionally renormalized 
IPI Green functions upon introduction of the Dimensional Regularization scale /j, (see 
subsection 2.2.). Hence, up to order one may formally write 

LIMd^4 FDReg[¥', fA = ^reniv, ^1 K^', fA (20) 

In the previous equation, LIMd^4 is defined by the following process: one takes first the 
limit d ^ 4 of the dimensionally regularized IPI Green functions and then sets to zero 
every hatted object [i.e. {d — 4) -dimensional covariant). Recall that the Dimensional 
Regularization scale, /U, is introduced by hand to render dimensionally homogeneous the 
regularized Green functions upon Laurent expansion around d = 4 [6]. 

Now, by taking LIMrf^4 of the left hand side of eq. (19) after discarding any contri- 
bution of order greater than h^, and bearing in mind eq. (20), one obtains the left hand 
side of eq. (18) up to order fi^. Hence, Abreaking in the latter equation is given by 



^breaking 



LIM 



I A • FDReg + Act • FDReg + J d'^X [■ 



5S. 



(n) 



ct 



Of course, the previous equation only makes sense up to order h^. The order h contribution 
to eq. (21) reads particularly simple since s^Sq is an evanescent operator (there is no 0(hP) 
contribution to N[A] thereby) and the lowest order contribution to S'ct is order h: 



5V 



DReg 



}• (21) 



Awaking = LIMd^4{ [a. FDReg 



(1) 



N[A] • Fr 



(1) 



(1) 

fct ' 



(22) 



singular 

where the superscript (1) denotes contributions of order U and A is equal to the evanescent 
operator SdS^. In eq. (22), 6^ stands for the linearized BRS operator in d dimensions: 

/ 5So 5 I 



X 



The symbol A • F 

tracted from A ■ F 
Hence, 



AF 



DReg 



DReg 



(1) 



singular 

to obtain 



Xs^x) SK^{x) 
denotes the expression, singular at cZ = 4, that it is sub- 



N[A] ■ Fr 



(1) 



according to the forest formula [3,6]. 



DReg 



A-F 



DReg 



(1) 
- singular 



+ 



N[A] • Fr 



(1) 



-I- vanishing terms. (23) 
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By "vanishing terms" we mean contributions that vanish as d is send to 4 first and then 
every hatted object is set to zero. 

There are some comments regarding eq. (22) which we would like to make. First, if the 
theory is not anomalous, the finite countertcrms in S^^^ can be chosen so that A[j'|.gj^j^j^g = 
[18]. Second, there are two possible sources of symmetry breaking in eq. (22). One is the 
regularization method; in particular, the Dimensional Regularization classical action, Sq, 
one began with. The other is the minimal subtraction algorithm {i.e. the renormalization 
algorithm) we are employing. That the regularization method breaks the symmetry shows 

itself in the contributions [A-FDReg] j j. and [N[A] -Fren] ■ The subtraction algorithm 



I singular 

:ontribution baS^l 

Third, the "limit" 



gives rise to the contribution bdS^H, which need not be zero as we shall show later on. 



LIM 



ToReg 



singular 



need not be zero either, as we shall discuss in section 3. Of course, this "limit" yields 
a finite local four-dimensional functional of the fields and their derivatives. Fourth, the 
operator A = SdSo being evanescent ushers in the techniques introduced by Bonneau 
[6,7] to express normal products of evanescent operators, also called anomalous normal 
products, in terms of a basis of standard (non-evenescent operators) normal products. We 
shall address this subject in the next subsection. Suffice it to say that expansion of the 
normal product of an evanescent operator in terms of "standard" normal products has 
coefficients that are series expansions in h with no O(^) term. Hence, there is no breaking 

of the BRS symmetry at order and [N[A] • Fren] is, in agreement with the Quantum 
Action Principle, a sum of standard local operators. 

We shall finally recall that the equation of motion holds in dimensional renormalization 
[3,6,10]: 

where S^^^ and S'^^gg'' are defined in subsection 2.2. and eq. (9). The superscript oo tell 
us that the singular countertcrms needed to minimally renormalize the theory at any order 
in h have been included; however, one has added finite countertcrms only up to order h"'. 
Eq. (24) can obtained from QAP3 (eq. (16)) by setting (l)'{x) to 1. Alternatively, eq. (11), 
for P{(f){x)) = 1, leads to eq. (24). 

The use of both the equation of motion of the ghost field and the equation of motion 
of the auxiliary field coupled to the gauge fixing condition simplifies the renormalization 
of theories with BRS symmetries. 



2.4- Expression of anomalous terms with the aid of Bonneau identities 

The computation of the insertions of normal products of evanescent operators, also 
called anomalous normal products, are, in dimensional renormalization, of key importance 
to the calculation of the symmetry breaking terms in Ward identities [6,10]. We shall see 

in the next section that [N[A] • Fren]^^^ (see eq. (22)) yields both the essential and the 



14 



spurious BRS anomalies for the regularized theory we will consider. The purpose of the 
current subsection is to summarily recall that the normal product of an evanescent operator 
can be expressed as linear combinations of normal products of standard (non-evanescent) 
operators. Further details can be found in refs. [6,7,8]. 

In renormalized perturbation theory, any set of insertions of quantum operators such 
that their classical approximations form a basis in the linear space of classical operators of 
dimensions bounded by D is also a basis in the linear space of insertions, with dimension 
bounded by the same D, of quantum operators [18]. So, in dimensional renormalization, 
if {C*} form such a basis in the space of classical operators, then {N[0*] ■ Fren}, where 
is any of the possible generalizations to d dimensions of the corresponding classical four- 
dimensional operator, is a basis in the space of quantum insertions. Wc will call standard 
operators the operators in the "rf-dimensional" space-time of Dimensional Regularization 
which are generalizations of the classical operators in four dimensions. These standard 
operators are obtained with the help of the algebra "d- dimensional" covariants and they 
are non-evanescent. Hence, N[(!}*] • Fren is an insertion of an standard normal product. 

It is thus expected that anomalous normal products, i.e. normal products of non- 
evanescent operators minimally subtracted should be decomposable in terms of some basis 
of standard normal products, minimally subtracted again. This was shown by Bonneau 
[8] who, remarkably, proved a linear system of Zimmerman-like identities which expresses 
a decomposition of any anomalous normal product on all possible normal products of 
monomials of operators, including standard and anomalous ones. 

If there is only a scalar field, the Bonneau identities have the form 

4 4— n 

N[^^,0^1(X) • Fren = - J] J] J] 

n r {ii ... ir} 

1 < i J < 71 



n 



X N 



L/"'n{( n d,^y]]{x)-V,,^, (25) 

fc=l {a/ia:=k} 



where the tilde indicates Fourier transformed fields, the bar means that only the minimal 
subtraction of the subdivergences has been done, r.s.p. stands for "residue of the simple 
pole in e = 4 — d" (this is the reason why the global sign —1 occurs: g'^fj, = —e) and the x 
symbol means that the tensorial structure {. . .} really appears inside the normal product. 
Of course, any colour or pure number factor can be taken out of the normal product, 
but note that 5f^^N[C"'^] = N[^^^C>^''] 7^ n[g^^O^'% the difference being the anomalous 
normal product N[^^j^(!)'^^], which need not vanish. 

Notice that the sum in n is a sum in the number of fields in the monomial and the 
sum in r, a sum in the number of derivatives in the mononial. 

The tensor ^ is a new one, which has been introduced in order to simplify the calcu- 
lations. Its properties are: 
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g^pgP^ = 0, N[^^,C»'^^] = g^MO^- 

Eq. (25) is easily generalized when there are several fields, not necessarily scalar, 
involved. One just sums over all kind of fields, taking special care of the symmetry factors 
and the fermionic signs. We shall give below the generalization of eq. (25) that is relevant 
to our computations in subsection 3.5. 

Due to the fact that all subdivergences have been previously subtracted, the barred 
IPI function of eq. (25) has a polynomial singular part. We are interested in the coefficients 
of the simple pole. These coefficients will be in general combinations of metrics, constants 
and colour factors. In vector-like gauge theories with the usual regularizations, its tensorial 
structure will involve only usual metrics, which combined with the tensor indices of the 
normal product will get the expansions of the anomalous normal product in terms of a 
basis of standard monomial normal products. However, if in the regularized theory or in 
the calculations some hatted objects appear, then the Bonneau identities (eq. (25)) would 
express any anomalous normal product in terms of a collection of standard {M.^) and also 
evanescent {M^) monomial normal products. That is 

n9i.pO^']{x) ■ Tren = J] N[M^](x) • F^en + J] «i nM']{x) ■ Fren- 

i j 

Therefore, the rest of independent anomalous monomials should be also expanded by a 
similar formula, then getting a system of identities. 

But notice that the left hand side of the Bonneau identities and also the coefficients 
given by the r.s.p. of the right hand side are both of order h^, in the least. Therefore, the 
Bonneau identities are not a trivial system but a linear system whose unique solution give 
the desired expansion of any anomalous operator in terms of a quantum basis of standard 
insertions: 

N[g^pO^P]ix) ■ r,en = N[M']{x) ■ F^en- 

i 

Of course, the coefficients Qi are formal series in h. 

Clearly, at lowest order the linear system is decoupled and has an easy interpretation: 
the loops with the anomalous insertion are replaced with sums of tree diagrams corre- 
sponding to insertion of standard operators, but with coefficients of order h^. This will be 
most relevant to our computations below. In general, for the calculation of qi at order h"^, 
it is needed the coefficients cij up to order and the coefficients up to order h^'^~^\ 
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3. Chiral non-Abelian Yang-Mills theories: simple gauge groups 



This section is devoted to the study of the one-loop dimensional renormalization of a 
general Chiral non-Abelian gauge theory with neither Majorana nor scalar fields. We shall 
assume for the time being that the gauge group is a compact simple Lie group and leave 
for section 4- the case of a general compact group. 

Let us give first some definitions and display some properties 

Pl — — Pr = — Ph^ = Pl, Pr^ = Pr, PlPr = -Pr-Pl = 
V'L = Pl^j, i/jr = Pr'4', V'L = i^PR, V'R = i^Ph, 
and also the special properties of the symbols in the algebra of covariants: 





= PrTPr 


= TPr ^ 0, 


PlI'^Pl 


= Pl^Pl 


= YPi. + 0, 


Pi^I'^Pr 


^ Pi^TPr 




PrI^Pl 


= PrTPi. 


= TPi. = Pri^ 


P1.TP1. 


= Pr^Pr 


= = Pi^YPr = PrTPi. 



3.1. The Classical Action 

The BRS invariant classical four dimensional action is 

'S'cl = 'S'inv + 'S'gf + (S'ext) (27) 

with 

5gf = Jd'^xTr^B'^ +TTB{df,Af) - TrcD^'^V^a;, 

-^ext = Jd^xTr p^sA^j, + Tr Csa; + Ls^ + Ls^) + Rsil}' + Rs^' , 

where = A^r", a;, a;, S, p and C take values on the Lie algebra of a compact simple 
Lie group G. r" are the generators of G in a given finite dimensional representation, 
normalized so that Tr [t°-t^] = 5°-^. We thus have [r", t^] = ic°'^'^T'^, c"*"^ being completely 
antisymmetric, which defines the adjoint representation {T^)ij = —i c"*-' with a certain 
normalization Tr [T^T^] = Ta {T^TDij = Ca Sij, Ta = Ca- The following definitions 
will be used in the sequel 

F/^v — Pfj.i/'^ — d^Ajj — di/Ajj^ — i[An, Ajy], 
V fj^cjf- = dij,(j)°- + c°-^'^ A^^cjf, (j) being a Lie algebra valued object 
D^^^={d^-iAlTlP^)^, 
DR^i^' = {d^ - iA-T^Pn)iP'. 
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'4> {'4>') represents a collection of left-handed (right-handed) fermionic multiplets carrying 
finite representations, Tl (T^;) of the group generators. The following equations hold 



Tr [T^Tl] = TL5"^ Tr [T^T^] = TR5«^ 

Tie T-ie Tie rpe 



We also introduce the shorthand notation: 



L L L J L ' L R, R J R, ' 

rpai...an ,rpai...an — rpa\...an rpai...an rpa\...an — rpai...an 

-^L "'"-^R — -^L+R ' -'-h -'-K — -^L-R ' 

IVl [01 • • • 0n] = 0r • • • [T^r • • • 1 > [01 • • • -^n] = 0r • • • TV [T«^ • • • T^" 



The appropriate index labeling different fermions will be understood throughout this 
paper: every left handed multiplet can yield a different, say, Tl, Cl .... 

For the action we have chosen, the free boson propagator is (in momentum space): 

+ ie I g^^ 1 k"^ + ie i. k^ k^ - 

Because in perturbative calculations the combination a/g^ will often appear, we denote it 
with a' . Therefore, the Feynman gauge here is defined by a = or a' = 1 f- 
^ci is left invariant in four dimensions by the BRS transformations: 

sijj' = iu'^T^P^iP' , sij' = iij'T^Pi^u:\ (28) 
sA^ = V ^uJ, suj = iuj^ ^ SLJ — B, sB = 0, 
spM ^0, sC = 0, sL ^ sL ^ sR^ sR^ 0. 



This is due to the anticommutativity of 75 in four dimensions, which allow us to write 
Sirrv in the gauge invariant form 

The action preserves the ghost number. Its value together with the dimensions and 
the commutativity for the different fields are shown in Table 1. 

The four-dimensional BRS linear operator b is: 

f If the fields are rescaled by gr: A — > gA', u gu', u) — > g~^u>'; and a —>■ g^a' , then 
the action adopt the other usual form with g being interpreted as the "coupling" constant. 
But let us remember that the loop expansion is an expansion in h rather than in g. 
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s 


A, 




UJ 


UJ 


B 




c 


L,R 


Ghost numb. 


1 








1 


-1 





-1 


-2 


-1 


Dimension 





1 


3/2 





2 


2 


3 


4 


5/2 


Commutat. 


-1 


+1 


-1 


-1 


-1 


+1 


-1 


+1 


+1 



Table 1: Ghost number and dimension of the fields. In the last row, +1 (-1) means that 
the symbol commutes (anticommutes) 



I -.A \ SSc\ S „ 5Sc\ 5 



j^^"" 5A^ Sp^^ ■ " Sco SC 

SSci S 5Sc\ S 6Sci S SSc\ S ^ 
5iP SL 5iP' 6R 5^ 6L 5^' SRi' ^ ^ 



which satisfies — because is the Unearization of the BRS operator and the classical 
action satisfy the BRS identities [18]. The symbol s has been defined in eq. (28). 
The classical 6-invariant combinations are: 



La = b ■ Jd'^x PI A"^, L^= -b ■ J d'^x C (30) 

= - 6 ■ Jd^x LPi^^P + 4;PrL = 2 Jd^'x'- V'^PlV' + H^PlTI^PA^, 
L^, = -b- J d^'x RPni;' + ^'Pi^R = 2 Jd^x^ V^'^PrV'' + i^Y PRTl^p' A"^, 

L^ = -b- jd^x LPnip + iPPlL = 2 Jd^x^ ^^Pr^, 
L]l^, = -b- J d^'x RPi^i;' + ij'P^R = 2 Jd^x'- ^j'^Pl^j' ; 

where = + d^Co. and L^, will prove not to be useful due to our choice of the 
regularized chiral vertex. 

It will be shown later that the non-trivial Lg is associated with the finite renormal- 
izations of the coupling constant whereas the 6-exact terms, L^, L^/, La and L^^ give 
rise to finite renormalizations of the corresponding wave functions in the space of field 
functionals in four dimensional space-time. 
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3. 2. The Dimensional Regularization Action 

We shall now follow i) of subsection 2.2. and set the Dimensional Regularization 
classical action Sq. The kinetic terms are uniquely defined, not so the interaction terms. 
Notice, for instance, that the Dirac matrix part of the left-handed-fermion-gauge-boson 
vertex has the following equivalent forms in 4 dimensions: = PrI^ = PrI'^P'l- All 

these forms are different in the d-dimensional space-time of Dimensional Regularization 
because of the non-anticommutativity of 75. Of course, the generalization of the interaction 
to the Dimensional Regularization space is not unique, and any choice is equally correct, 
although some choices will be more convenient than others. 

We choose the following generalization of Sin^' 



I 



We next generalize, in the obvious way, to the d-dimensional space-time of Dimen- 
sional Regularization the BRS variations (which we will denote by Sd and call Dimensional 
Regularization BRS variations) and the gauge-fixing terms. The Dimensional Regulariza- 
tion BRS transformations read 

= ii^^TlPi^i^, Sd^ = i^TlP^u^, 
sdi^' = iuj^'T^Pnip', sd^' = ii^'T^Pi.u% (31) 
SdA^ = V^j,uj, Sd(jJ = i(jJ^, SdUi = B, SdB = 0, 
SdP^ = 0, SdC = 0, SdL = SdL = SdR = SdR = 0. 

Notice that we have chosen the Dimensional Regularization BRS transformations so 
that no explicit evanescent operator occurs in them. This will certainly simplify the com- 
putation of the anomalous breaking term in BRS identities for the minimally renormalized 
theory. We refer the reader to Appendix B for the discussion of the computation of the 
BRS anomalous breaking term when the Dimensional Regularization BRS transformations 
involve coefficients that vanish as d — > 4. 

In summary, our Dimensional Regularization classical action, Sq, has the following 
expression: 

So^j d'^x - ^Tr F^.F^'^ + + ^^'5^' + (H^PlTI^ + tl^'rPKT^^')Al+ 

d'^xT^^B'^ + TiB{d^A^') - T:iujd^'V^u + (32) 



I 
I 



d'^x TV pi'sdA^ + TV (sdUJ + Lsdip + Lsdip + Rsd^p' + Rsdi^'- 

The fermionic part of the Dimensional Regularization classical Lagrangian has the 
following non-gauge invariant form: 

> ■ » ■ > • *— * 
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(33) 



Hence, 5*0 is not BRS invariant, the breaking, s^S'o, coming from the the last four terms 
of eq. (33): 

= A= /d^xA(x). (34) 



The Feynman rule of the insertion of this anomalous breaking is given by fig. 1. We 
denote hereafter the line of the fermion which interact left(right)-handedly as L(R). 




Pa, a, N 



Figure 1. Feynman rule of the insertion of the non-integrated breaking eq. (34) 



Notice that if the fermion representation(s) were compatible with a CP invariance of 
the classical action, then the Dimensional Regularization action with this choice of chiral 
vertex would also be formally CP invariant, and the breaking eq. (34) would have a definite 
CP value (+1 if we assign (cc;l(r))' = -(t^L(R))*, -1 if we assign (a;L(R))' = ('^l(r))*, where 
c<;l(r) = u;"TL(f[^) and * stands for transposition of the colour matrices). 

The breaking is an (implicit) "(d— 4)-object" , i.e. an evanescent operator, and, clearly, 
this would be also true for any other choice Dimensional Regularization classical action. 
For example, if we had chosen as the regularized interaction 

Vt^PlTl^a;: + i^YPRT^^'A';^, 

the breaking would have been 

+ iu\i^rPi.TlTli^ + ^'rPKT^Tl^')Al, 
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which is certainly more involved. (And with this vertex, the formal CP invariance of the 
Dimensional Regularization classical action for CP invariant classical actions would be 
lost). 

Remember that in the Breitenlohner and Maison prescription anticommutes whereas 
7^* commutes with 75; so, in general the algebraic manipulations of the strings of 7s would 
be a bit more tedious with the second kind of vertex because 7^^ = 7^* + 7^^. 

Obviously, due to the fact that these two vertices are different, the results obtained by 
using minimal subtraction would be different — they would be two different renormalization 
schemes — and they should be related by finite terms. Moreover, in general, it should be 
expected that both results are different from the one obtained with the usual "naive" 
prescription of an anticommuting 75 every time a fermionic loop occurs. But the "hermitian 
vertex" of ref. [26] is not the only correct one as claimed there, but also any other one 
differing from it by a evanescent operator of dimension 4 as correctly remarked in [27]. 

The fact that in general the results obtained by minimal subtraction d la Breitenlohner 
and Maison in theories with cancellation of anomalies do not satisfy the Ward identities is a 
drawback from the practical point of view but not a reason to cast doubt on Breitenlohner 
and Maison schemes [28]. Indeed, we should always remember that wc have the freedom 
to add any finite counterterm to restore the identities. And in theories with anomalies the 
mathematical rigour of the regularization scheme we are considering has not been surpassed 
by any other dimensional regularization prescription . 

Furnished with the action Sq given in eq. (32) one next develops a dimensionally 
regularized perturbation theory by following steps i) to iv) in subsection 2.2. This regular- 
ized theory is not invariant under the Dimensional Regularization BRS transformations in 
eq. (31). Indeed, the Dimensional Regularization IPI functional Fq obtained from 5*0 sat- 
isfies anomalous BRS identities, the symmetry breaking terms being given by the insertion 
in Fq of the operator A in eq. (34). 

Since our ultimate goal is to obtain a BRS invariant theory (if the anomaly cancellation 
conditions [23] are met) we shall further proceed and develop a dimensionally regularized 
perturbation theory by using the following action 

"^DReg — '-'0 -r '^'ct ' '-'ct — '-'set '-'fct ' \'^'^) 

instead of the Dimensional Regularization classical action 5*0. We have named, in sub- 
section 2.2., "S^gg the Dimensional Regularization action (at order h^). It is computed 
order by order in the perturbative expansion in h by proceeding as in steps v) to vii) of 
subsection 2. 2. Let us recall that S^^^ denotes the singular (at d = 4) counterterms needed 

to minimally renormalize the theory dimensionally up to order h^, whereas S^^^ stands for 
the finite (at d = 4) counterterms needed to turn the minimally renormalized theory into 
a BRS invariant theory up to order h^. In this paper we shall be concerned only with the 
renormalized theory at order h. Hence, we will just compute S^^l and S^^^ . 

Note that we have denoted by Fq, instead of FoReg, the Dimensional Regularization 
IPI functional for to avoid confusion with the Dimensional Regularization IPI functional 
for S^J , which shall denote by FoReg- 
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3.3. The one-loop singular counterterms: S^^^ 

Let Tg^g^jj^g be the one-loop singular contribution at (i = 4 to Fq, the latter being the 
Dimensional Regularization IPI functional obtained from 5*0. 5*0 is given in eq. (32). Then, 
by definition 

^ict = "I'^g-'i^g. (36) 

We show the IPI functions contributing to S^^^ in figs. 2 and 3. 
Let £ = 4 — (i. Then, the functional Tq^^jj^ is given by 



n 1 



-Ca 
-Ca 



10 



+ (!-«') 



3 2^ ' 



OQAA + 2 — ^ — OQAA 



8Tl+r ^ 
•jo aaa + - — - — ^0 aaa 

c, , 8Tl+r = 

-JO AAAA + 77 — 7^ — '-'0 AAAA 



+ Cl2 a' Sq^^ + Cr2 a Sq^,^, 
(!-«') 



+ 
+ 



2- 
2- 



2 

(!-«') 



+ 2q;'Cl 
Ca + 2q!'Cr 



3 2 

^0 it'll)' A 



+ 



- ^1 + 2 'S'oa>a; + Ol' Ca SquiujA 

+ Ca [Sq + Sq ^g^, + Sq i^g^ + Sq jisi^/] 

— ^1 + - — ^ — Ca Sqp^ + a' Ca Sqp^a 

+ a' Ca Socojlo | 

n 1 Tl+r 4 

£ (47r)2 2 3 



2 



(37) 



where the Sqx terms are the corresponding (ct-independent) terms of the Dimensional 
Regularization classical action Sq. The bar above some of them means that all the index 
in the term are barred. 

Let us define the Dimensional Regularization linearized BRS operator bd as follows 



bd = Sd + 



Jd'^x I 



^ SSq 6 ^ SSn S 
TrW^— + Tr " 



6A^ Spi^ 6<jj 6C 
5So 5 SSq S 6So S 6So S 



5ip 6L'^ Sip' 6R Sip SL'^ Sip' SR 



'' snr 
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f (1) fJifJQ^aiOQf, X _ 
Osing ~ 



(47r) 



2 



(47r) 




1 Tl+r 



(47r)^ 



I,aia2a3 4 2 





-fc2)«3+ 
























■ ri^iTrr.'~(fci' ^2, fca, fc4 = -fci - fc2 - fcs) 



(47r 



i Tl-i-r 4 2 
2 3 £ 



f,eaia3^a4a2fi ^g^J3^J4g^J-l^J2 _ pA«3M2^A*iAil)_|_ 



a —-^ > 6 



^ tJtJ sing '^■f^'' 
■(47r) 



(!-"') ] 2 2 
2 J £ ■f' 



a —-5^ i b 

P 



(47r) 



L(R) L(R) 

^ • > — a/ 



f (1) Potji 



ip) 



(47r) 



L(R) S L(R) 

^ • > — ai- 



VC'V-C'^ Osing 



(47r) 



■ 5^ [(1 - i^)CA + a'C7L(R)] I [T- ^)],, r [Pun)] 



al3 



Figure 2: Feynman rules for the order fl singular counterterms. Here, only functions with 
no external fields are shown 
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p(l)/3a;az , , 

sing 



(47r) 



r^^C^A^ f [T- ]^^ [^'l(R)] 



a/3 





p{l)ebu;afi , , 
ujA;sA Osing^^' 



(47r) 



1 „2 r^. 1 ^ahc 



Figure 3: The same as for fig. 2 but with functions involving external fields 



Notice that 6^ ^ since s^S'o 7^ 0. The action of Sd on the fields has been defined in 
eq. (31). If we define in the dimensional space-time of Dimensional Regularization the 
following integrated field polynomials 



1 



d_ 
dg' 



4 = ^ l^'xTrF.^F^^ 



= 2 [d'x {^V'^'^?i^L(R)^^'^ +^^'^'^i^L(R)TLV)^WA^}, 
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L(R) 




L(R) 




A 



sA 

\ 

'r\f\/\j 



sA 




Figure 4: One-loop Feynman graphs contributing to the IPI functions involving external 
fields 

LA=bd- y"d^xp^A"^= (Tr[NA-Np-NB-Nc]+2a^^ So, 



where 



5(p{x) 



^L(R) 



N 



R(L) 



d"x (Pl(R))V')/3 



5 



,.R(L) 



Stp/3 



then, the functional Fg^g^jj^ in eq. (37) can be cast into the form: 



1 2^ 



Osing ^4^^2^ £ 



+ (2 - ^^)Ca i^A + «'Ca 



(38) 
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(47r)2^ 



1 n Tl+r 4 



(47r)2 £ 2 3 



1 



(39) 



ie. bdT}^^ 



.(1) 

The second and third hnes of the previous equation show exphcitely that the standard 
"infinite" multiphcative renormahzation of the couphng constant g and of the fields of Sq 
is aheady lost at the one-loop level. 



3.4- The BRS identity and the anomalous symmetry breaking term 

The Regularized Action Principle, explained in subsection 2.3. and Appendix A, leads 
to the following BRS identity 



5rf(rDReg) ^ jd^X {iV ^^^^^^ "'J"^^^ + IV ^^DReg OlDReg ^ ^ ^OlD^ 



^rpReg ^ ^ ^rpReg ^FpReg ^ rj^g^^r 

5C, Suj Su) 



ST^Reg ^rPReg ^rPReg ^rPReg ^rPReg ^rPReg ^rPReg ^rPReg 1 _ 

5L Sip 5R Sip' 5L 6^ 5R 5^' / ~ 

= A.r„H., + A«.r„H«. + /d^.i:{[^.r,,J^}, (40) 

when applied to the Dimensional Regularization IPI functional, FpReg, obtained from the 

Dimensional Regularization action "Sp^gg, the latter being given in eq. (35). The symbols 
$ and in the previous equation stand, respectively, for any field that undergoes non- 
linear BRS transformation, i.e A^, uj, ip, ip\ ip and and the external field which couple 
to the corresponding BRS variation, i.e. p^j,, L, R, L, and R. The operator A is 

given in eq. (34). The symbol Act is equal to SdS^^\ where 5'^"^ and Sd are defined in 
eqs. (35) and (31), respectively. Eq. (40) is a particular instance of eq. (19), and it is 
obtained by considering the concrete realization of the Dimensional Regularization BRS 
transformations given in eq. (31). This equation is a rigorous equation, valid to all orders 
in the expansion in powers of h and fields. 

Notice that FpReg is not BRS invariant since <Sd(rDReg) does not vanish. Indeed, the 
far right hand side of eq. (40), 

is not zero. This term is the symmetry breaking term of the dimensionally regularized 
theory defined by the Dimensional Regularization action /S^^^g. 

We have to ask now about the renormalized counterpart of eq. (40). Since ^^p^eg 
contains the singular counterterms needed to render non-singular at d = 4 the IPI functions 
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of the theory up to order h^, eq. (20) defines the renormahzed IPI functional Fren up to 
order /i": 

LIMd^4 TDRegb, lA = Trenb, K^', lA- (41) 

Let us recaU that the hmiting process denoted by LIMd^4 is acomphshed by taking the 
ordinary Umit d ^ 4 first and then replacing with zero every hatted object. The Dimen- 
sional Regularization scale has been introduced by hand as explained in v) oi subsection 
2.2. 

Now, by particularizing eqs. (18)-(20) to the field theory under study, one concludes 
that the following equation, which is the renormahzed counterpart of eq. (40), holds up to 
order 



6(jj 

(JFren (^rj-en ^rren ^rren ^rren <^rren ^-Tren ^rren 1 a ( A0\ 

^ ~Sr~&f ^ ~5R~5^ ^ ~5r~5^ ^ ~5R~5^] ~ ^breaking, I42j 

where Fren is the dimensionally renormahzed IPI functional as defined by eq. (41). The 
BRS symmetry breaking term Abreaking is given up to order ^" by the following "limit" 

Abreaking = LIMd^4{ A-FDReg+AefrDReg+yd^X J] | [^^ii^ .FoReg] } } • (43) 

The fact [18] that if the anomaly cancellation conditions are met [23] the cohomology 
of the linearized BRS operator h in eq. (29) is trivial on the space of local polynomials of 

(n) 

ghost number one, guarantees that S^^^ can be chosen so that Abreaking above vanishes 
whatever the value of n. Hence, if the BRS symmetry is non- anomalous, non-symmetric 
counterterms can be added to the Dimensional Regularization classical action so that 
the resulting renormahzed action is BRS invariant: »S(Fren) = 0. In this paper we shall 
compute s\ll explicitly (see subsection 3.6.). 

Let us close this subsection and express in terms of local operators in four dimensions 
the order ?i contribution, A^^^^g^j^jj^g, to the symmetry breaking term given in eq. (43). 
Adapting eqs. (21) and (23) to the regularized theory at hand we conclude that 



^biking =LIMd^4| [a • FDRegl , + S^l } + [n[A] • F^en 

>. L J singular J I 



(1) 



(1) 

fct 



N[A]-Fren]^'V64't. (44) 

where A and bd are defined in eqs. (34) and (29), respectively. Indeed, we shall show below 
that 



A-F 



DReg 



(1) 1 Tt,^r 4 h 



singular (Att)'^ 2 3 £ 
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DReg 



to A ■ FoReg only comes 



The order h singular (pole) contribution, A • F _ 

"J singular 

from the diagrams depicted in figs. 5 and 6, after replacing A with A. These contributions 
read 



AF 



^ • ToReg 

fiu bca 



jj. ha 



(1) 



DReg 



Aw 
(1) 

- AAw J singular 



{P) = 



singular 
(Pl,P2) 



(471) 



3 £ 



(45) 



Now, bd Lg = bd La = b^L^ = b^ Lg = b^ L^{,) = 0, and therefore the only non- 
vanisning 6^- variation of F^^jj^g comes from the third line of eq. (39), which in turns is 

equal to eq. (45). The fact that ^'g^^^ = "^Q^J-j^g concludes the proof. 

The next task to face is the computation of the order h contribution to the anomalous 
insertion N[A] -Fj-en- We shall carry out this calculation in the next section. The computa- 
tion is somewhat simplyfied if we bare in mind that the field B, enforcing the gauge-fixing 
condition, has no dynamics (no interaction vertices) unless forcibly introduced by appro- 
priate choice of S^^^ (finite countertems) . Hence, it will be very advisable to imposse that 
the finite coimtcrms be independent of B, so that the only contribution to F^Reg involving 
B is order fi^ and given by in eq. (32). It is thus plain that the so-called gauge-fixing 
equation 

S(Fren) = ^ - d^A^' -aB = 0, (46) 



6B 



holds for the renormalized theory. Notice that eq. (46) does not clash with restoring the 
BRS symmetry since Abreaking defined in eq. (43) does not depend on B. Of course, eq. (46) 
is the equation of motion of B. 

Finally, the ghost equation is another interesting equation. It is just the equation of 
motion of ui: 

Gr,,^ = i-^ + d^^] Fren = 0, (47) 



and is a consequence of eq. (42) and the gauge-fixing equation. Some functional differ- 
entiation and the fact that Abreaking does not depend on B lead to eq. (47). A furher 
simplication, the ghost equation implies that the functional which satisfy it depends on 
Pfj, and ui through the combination — + d^u. Finally, it is not difficult to come to 
the conclusion that this very simplification applies to each term on the right hand side of 
eq. (43) and 5^"^ in eq. (35). 



3.5. Expansion of the anomalous insertion 

The anomalous insertion N[A] ■ Fj-en has ghost number +1 and it is the insertion 
into the IPI functional F^en of an evanescent integrated polynomial operator of ultraviolet 
dimension 4 with neither free Lorentz indices nor free indices for the gauge group. This 
anomalous insertion is a functional ofi/j, ui (only through p^), uj, but not of B, and 
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also of the external fields L, L, R, R, (only through p^) and It is thus compulsory to 
generalize first eq. (25) so that it includes also Feynman diagrams with the external fields 
as vertices. 

Due to the explicit power-counting in our model, only diagrams with either no or one 
external fields can be divergent. Consider a diagram with the vertex K^s^ (^» denotes 
any field which undergoes non-linear BRS transformations) . The Feynman rule in momen- 
tum space of this vertex is an integration over a momentum q' , which is absorbed in the 
definition of the Fourier transform of the function with an insertion of an operator, and 
the factors ^ K^[q') times the Feynman rule of the operator insertion s$ at momentum 
q'. The singular part is also a polynomial in q', therefore it can be expanded, together 
with the rest of momenta, in a finite Taylor series in q'. A factor q'^^^ ■ ■ ■ q'^" together with 
K{q') will lead to a {—i)^ d^^ ■ ■ -d^^ K^{x) which multiply the insertion of the monomial 
operator obtained with the rest of momenta. Therefore the Bonneau identities (eq. (25)) 
are generalized to: 



N[A](x)-r, 

[-iy 



5{J) 



{ 



= -E E EE 

QT 



'^=0 {jl ••• in} '■ = Hi ---ir-} 



-IPI 



r! dp^^ ■ ■ - dp: 



zn)r.S.p. (0ji(pi) . ..(f)j^iPn) ^[Miq=-J2Pi))K=o 



Pi=0, g=0 



k=n {a/ioi=k} 



+ 



i-i) 



d 



0<s+t<5(Ji1>) l<ij<n 

— : IPI -1 

r.s.p. (0,-,(pi)...0,„(p„);N[s$](p,+i)N[A](9=-EPi)>^^o ^ J 

1 



k=n {a/ia=k} 



(48) 



where J = {ji, ■ • ■ , jn} and the indexes jk, k = l,---,n label the diff'erent types of 
quantum fields, with the proviso that fields having different values of gauge group indices 
are taken as different. The symbols S{ J), d{ J: $) denote, respectively, the overall degrees 

of ultraviolet divergence of the IPI functions (pi) . . . (f)j^ (p„) N[A] (? =— X^Pi))^lQ and 

{4>ji{Pi) ■ • ■<^j„(Pn);N[s$](pn+i) N[A](g=-^pi))^j;Q. Notice that since our propagators 
are masslcss the only non-vanishing contributions to the left hand side of eq. (48) come 
from r = d{J) and s + t — d{J; $). nA;=n nieans that fields in the product are ordered 
from left to right according to decreasing values of k. 

The previous formula gives rise to an expansion of N[A](a;) ■ Fren in terms of both 
standard and evanescent monomials [6,7] (see section 2.4-)- If we denote the monomials 
generically by the letter M., the expansion will have the form 
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N[A]-rren = J d^'x N[A]{x) ■ T,,^ 



J 



Y^Pfc... N[_^a6c...] .p^^^^^^/a6c... N[^f ^ ' '] ■ T^en , (49) 



with each coefficient being a formal series in h (starting at order h^). The latin letters 
abc stand for the gauge group indices. Wc shall assume that repeated gauge group indices 
are summed over. The monomials in eq. (49) have no free Lorentz index. The objects 
l^obc.j.^ called "barred" nonomials, are monomials where all Lorentz contractions are 
carried out with g^'^ . Notice that there is a one-to-one correspondence between {M.f'^^ " } 
and {A^"''^ ' }. The objects {TVf"^^ ' }, called "hatted" nonomials, are evanescent operators. 

Notice that in our case the monomials will be intregated local functionals of the fields 
and its derivatives with ghost number one and ultraviolet dimension 4. 

Expanding in the same way all the normal insertions of the evanescent monomials 
j^abc... ^j^g right hand side of eq. (49) and solving the system of Bonneau identities we 
would get finally the true expansion of the anomalous insertions in terms of the basis of 
standard (or barred) normal products (also called standard quantum insertions): 



i 



reii) 



where the barred monomials simply means again that all the Lorentz contractions are done 
with the g tensor. 

Let us shorthand Jd^x to J. The list of integrated monomials of ghost number 1, 
ultraviolet dimension 4 and no free of Lorentz indices which is relevant to our computation 
is the following: 

* a) Monomials with 1 uj and 1 A 



acb 
3 ) 



* b) Monomials with 1 uj and 2 A's and no 8^,^0.13 tensor 
Mf" = Juj" {uAl)A''^', Mf" = Ju;'' (df^ADid'^A"'') = M 

Mf" = ju"" {^^^^A^^')A^'', Mf" = Ju'' {df,A^^) {d^A^") = Mt"\ 

Mf" = /c^° {^f,Al){^''A^^') = M'^"K 

* c) Monomials with 1 uj and 3 A's and no Sfj^i^ap tensor 

^abcd = j^a (^d^A^t^)AlA'^'' = Mf"^", Mf""^ = Juj'' {d^Al)A"i'A'^''. 
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* d) Monomials with 1 uj and 4 A's and no Suvap tensor 

J^abcde = fuj°- A'^^A^A'^'' = Algc^'^e _ J^abced _ j^adebc^ 

Since the formulae with fermions ijj and ijj' are very similar we collect them in a way 
obvious to interpret. In general, wc will denote with a roman letter L or R the fermionic 
lines or loops in Feynman diagrams, the monomials, their coefficients, . . . corresponding 
to the fermions ip, whose interaction is left-handed, or to the fermions fermions ip', whose 
interaction is right-handed. 

* e) Monomials with 1 lo and ip, (ijj', ip') 

i, j denote the group indices of the corresponding fermion fields. 

* f ) Monomials with 1 oj, 1 A and ip, ip (ip', ip') 

* g) Monomials with fermions and external helds 

We have not considered operators like a;" 'ipi^'^PYid^ipj as admissible monomials since 
it will not be generated by the Bonneau identities due to the form of our choice for fermion 
vertex at order fi^ . 

Will shall adopt the notation that the {■ ■ ■} enclosing indices denotes symmetrization 
and [• ■ ■] antisymmetrization. 

* h) Monomials with e^^vap 

Mil"" = je^.r.apoj" {^'^A^^'){^I^A'''') = Mi^\Mf^'"^ = Jei^^,pau;''id''A''i^)A''''A'^P = -Mf^'^'', 
Mtf = Je^^^pxio" A^i'A^^A'^PA''^ = uff^"^; 

* i) Monomials with p or ( 

Notice that it is possible to construct other monomials with ghost number +1 and 
dimension 4: uj^ui'^u)'^. The formulae for their coefficients in 

the Bonneau expansion are also easily obtained, but we do not write them because in the 
one loop computation all this coefficients turn out to be zero. This is clear because all the 
IPI functions we would have to compute involve at least two loops. 

* Anomalous monomials, i.e. with some g 

Take all the monomials written above and write all monomials obtained by adding 
hats to the Lorentz indices in all possible ways. No hatted index should appear contracted 
with the e^uaPi because this contraction vanish. Notice that with the fermionic vertices 
^^'^^Pi.CR)Tl^^)ip^')Al = V;WPR(L)7''i'L(R)T«(R)V^'^^^ in the Dimensional Regulariza- 

tion classical action ^o, neither uj"" ■ipiPi.'^P'Pi.d^ipj nor uj"" ■ip'^p P^'^^'P^d^ip^p occur in the 
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Bonneau expasion we are considering; however, with the vertex ip^'^ 'y^ Pi^(^^^^T^^j^-^i(;^'^ AIj^ = 
Al (^(')Pr(l)7^Pl(r)Tl"(r)V'^'^ + ^WPl(r)7'^7^l(r)^l(r)^^')), both do. 

It is convenient to use the expansion in terms of barred and hatted monomials (so the 
IPI functions with A inserted have to be expressed in terms of g and g). Then, the formulae 
of the coefficients for all orders and the result for the first order read (see figs. 7-12): 

* a) From IPI functions with one uj and one A (fig. 5) 

IPI 

/3f = -{-if X coef. in r.s.p. {u-{p2 = -pi)A^(pi) N[A](q = 0))^^^ of pi^ 

d^'h' +o{h^), (50) 



1 Tl + Tr I, 1 ^.*2^ 



(An) 




a 



Pi 



+ 



idem with R fermions 



Figure 5: IPI Feynman diagrams needed to compute eq. (50) 



* b) From IPI functions with one uj and two As, and no e^,^a(3 tensor (fig. 6) 

= -{-iy X coef. in r.s.p. (w«(p3 = -pi - P2)A^(pi)A^(p2) N[A](q = 0))^^^ of 

{Pi^ 9iiu-, Pi/i Piu} respectively 
= ^(T^L + Tr) c'^''^ {-1, \] + 0{h% (51) 

J nabc oacb nabc nacb nabc oacb\ 

= --^ X coef. in r.s.p. (w«(p3 = ~Pi - P2)A^(pi)A^(P2) N[A](q = 0))^^^ of 

{Pi ■ P2 9iiu, Pill P2u, Piu P2ti} resp. 
= Qn^+0{h^), (52) 
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permutations 
+ of + idem with R fermions 

bosonic legs 



Figure 6: IPI Feynman diagrams needed to compute eqs. (51), (52) and (61) 



* c) From IPI functions with one u and three As, and no e^^ap tensor (fig. 7) 



/3f 



abed 



bdc 



-IPI 



coef. inr.s.p. {u-{-J:tP^)A'M)^i(P^)AfiP3) N[A](q = 0))^^^ of 



2 

\ rpabcd 1 rpacdb , rpabdc i rpadcb rpacbd rpadbc] tl i /O/tSN 
g [ L+R + L+R + L+R + L+R ~ L+R "~ L+R J +^{'1)^ (O-Jj 

-IPI 



-i-i) X coef. in r.s.p. {LJ-{-Zt P^)A''M)'^"MA''p(P^) N[A](q = 0))^^^ of 
iPii^ 9^^P+Plp 9pu) 



1 1 

(4^3 



r rpabdc i rpacbd i rpacdb i rpadbc rpabcd rpadcb j "hi i 

I L+R, ~ L+R, ~ L+R ~ L+R L+R L+R J ~ V 



(54) 




permutations 
+ of + idem with R fermions 

bosonic legs 



vc 



Figure 7: IPI Feynman diagrams needed to compute eqs. (53), (54) and (62) 
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permutations 
+ of + idem with R fermions 

bosonic legs 



Figure 8: IPI Feynman diagrams needed to compute eqs. (55) and (63) 



* d) From IPI functions with one uj and four As, and no e^i^ap tensor (fig. 8) 



abode _ na{bc}{de} _ na{de}{bc} 
— Pq — 



-IPI 



-- X coef. in r.s.p. (wM^A^A^A^ N[A]{q = 0))^^^ of g^. 



(55) 



In principle, due to the presence of 75, there should be also evanescent normal prod- 
ucts in the expansion of the anomalous insertion N[A] ■ Fren- Indeed, the coefficient of 

/N[w"na^A^^] is 



-IPI 



- {-if X coef. in r.s.p. (cc;«(p2 = -pi)A^(pi) N[A](g = 0))^^^^ of pi^ pi^ 
1 (-i)^d^ 



-IPI 



5"^ + 0(^2), 



Pi=0 



1 Tl + Tr 



(47r)2 3 

However, a symplification occur, for the coefficient of fN[u!°'nd^A^^] is 



-IPI 



coef. in r.s.p. (a;"(p2 = -Pi)^|!l(pi) N[A](g = 0))^^^ of pi^ pi^ 
1 {-i)^d^ 



-IPI 



8{d - 4) dpldpi^dpi^ 



r.s.p. (u;-(-pi)A^(pi) N[A](q = 0))^^^ 



Pi=0 



and so on. Due to our expansion in barred and hatted objects rather than in standard and 
hatted ones, and because of the form of the regularized interaction it turns out that the rest 
of anomalous coefficients are in the one-loop approximation. Nevertheless, as we know 
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v^L(R)''l(R)''l(R)^«J ~ ^feacl,-'L(R) L(R)^*J ^feacl.-'L(R) L(R)''«J 

= (C'l(R) ^)('^L(R))ij ~ 2^ac6Ccbe('^L(R))«J ~ ~ ~ 2'^abc%ce{'^l(R))ij = 

= I Ca ('T'lCR) )ij = - I C^'lCR) )ij 

Fi gure 9l IPI Feynman diagrams needed to compute eqs. (56) and (57). (Notice that the 
gauge group structure is explicitly shown under these and subsequent diagrams) 



from subsection 2.4-, these anomalous coefficients only matter at the next perturbative 
order, so this vanishing of the coefRciens is only a simplification relevant to higher order 
computations. 

* e) From IPI functions with one uj and one t/j, •0 %[)') pair (fig. 9) 



-iPi 



/^ioL(R) = -(-^) X coef. in r.s.p. {i^-{p^ ^ -pi - Ps)^^^)^^^!) N[A](q = 0))^^^ of 

(^^L(R))a/3 

1 {-i)d 



r.s.p. -p2)^g(P2)C(pi) N[A](q = 0)> ■ (PL(R)rK 



-IPI 



4-2 dp'i 
d 



4-2 



-Tr 



r.s.p. -P2)^f b2)^rbi) N[A](q = 0))^^^ _ Pl(r)7^ 



-IPI 



i=0 



(47r)2- 



9'{{C^,K) - + K - l)(%^ - ^)[T,V)]^^} ^ 



(56) 



-IPI 



/^iTiR) = -(-^) X coef. in r.s.p. (u;-(p3 = -pi - P2)^g(p2)C^(pi) N[A](q = 0))^^^ of 

(^^L(R))a/3 



4-2 



-Tr 



r.s.p. (u;«(-pi -p2)V'y^(p2)C(Pi) N[A](q = 0))^^^ _ Pl(r)7 



-IPI 



1 



(47r)2 

+ 0(^2; 



Ca 



L(R) 



L(R) . 



+ a 



1)(%^-^)[^L(R)P}^ 



(57) 
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L(R) , 



L(R) 



P7 



L(R)^L(R)^L(R)^L(R)>'*J 



0^ 




Ceac ('7'l(r) '^l(r) '^l(r) )ij 






L(R)^L(R)^L(R)^L(R)>'*J 



0^ 



ed6 ('^L(R) L(R) ^ L(R) j 




Ceac ('^L(R) "^LCR) '^L(R) J 






C-bedCeag {Tl(ji^t{Vi))ij '^bed^eag ('^l(R)'^L(R) )u ^eacCbcg ('^l(R)'^L(R) )ij CeacCfocg C^lCR) '^L(R) )ij 
Figure 10: IPI Feynman diagrams needed to compute eq. (58) 



f) From IPI functions with one uj, one A and one tp, tj) (ij)' , ip') pair (fig. 10) 



nab,ij 



-IPI 



12L(R) 



-1 X coef. in r.s.p. N[A](q = 0))^^^ of 

1 



4-2 
1 

w. 



-Tr 



-IPI 



r.s.p. (cc;M^V N[A](q = 0)> Pl(r)7 

Pi=0 



(58) 



Notice tliat tlie gauge group structure of the first five diagrams in fig. 10 involves tliree 
or more gauge group generator matrices. Tlie gauge group structure of eacli diagram is 
rattier involved but it turns out that the r.s.p. of each of the first three diagrams vanishes, 
that the r.s.p. of the fourth cancels exactly against the fith, and, thanks to the Jacobi 
identity, that the result of the last four diagrams combine in pairs to give eq. (58), where 
the gauge group structure is simply a commutator. This is remarkable, because we shall see 
in Appendix C that the difference between the one-loop IPI fermionic vertex computed 
a la Breitenlhoner and Maison and the same IPI function evaluated with the "naive" 
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presciption involves only a single gauge group generator and, hence, it is sensible to expect 
that the finite counterterm that is needed to restore at the one- loop level the BRS symmetry 
in the Breitenlhoner and Maison formalism involved only a generator. The BRS variation, 
b, of this counterterm yields a contribution linear in A^^ which will match the gauge group 
structure of the symmetry breaking diagrams in fig. 10 thanks to the various cancellations 
and simplifications just described. 







ai 


\ 




L(R) 




< 




'^hag(^hbe C^LfR) '^L(R) 







ai 


A 
X 




L(R) 










/ 





/h 



7f A L(R) g A 
h ' 



a I 



C/iog (^L(R) '^L(R) '^L(R) )ij 



Figure 11: IPI Feynman diagrams needed to compute eq. (59) 

* g) From IPI functions with fermions and external Gelds (figs. 11-12) 



nab,ij 
^^14L(R) 



-IPI 



— X coef. in r.s.p. (c^^c^'^^'jNfsC^] N[A](q = 0))^^^ of 

(^L(R))a/3 



(59) 



nab,ij 



i5L(R) 2n 



X coef. in r.s.p. (w«w''i/;^']N[sV'i'^^] N[A]{q = 0))^^^ of 



Wi 



-IPI 



R(L)Ja/3 

^ /[l + («'-l)]% [7^L(R)'^L(R)],,^'+0(n^ 



(47r)2 



(60) 



As in case f), it seems impossible that the gauge group structure of the diagrams 
be matched by gauge group structure of a simple one-loop finite counterterm. But the 
last pair of diagrams of each IPI function vanishes, and the other pair of antisymmetric 
diagrams conspire with the help of the Jacobi identity to give a simple commutator as 
result. 



38 




(^hag'^hbe C^LfR) '^L(R) )ii 



/b 



L(R) 



)^ ^ ^ 

/ I 

■fl \/ L(R) g A 



a; 



a I 



C/iog (^L(R) '^L(R) '^L(R) 



Figure 12: IPI Feynman diagrams needed to compute eq. (60) 



* h) From IPI functions with e^vap (figs. 6-8) 

These coefficients are very important, because if they are non-zero, give monomials in 
the expansion of the breaking that can not be cancelled by finite counterterms; i.e. they 
give the essential non-Abelian chiral anomaly. 



ahc Qacb 

50 



nabc _ a 
P50 — P\ 



nahcd 



52 



-I) 



-IPI 



2 

1 1 



(47r)2 3 

abdc 



coef. in r.s.p. {u<^{p3 = -pi - p2)A^(pi)A^(p2) N[A](q = 0))^^^ of 
dl%h' + 0{h'), (61) 



-/351 



-IPI 



coef. in r.s.p. {uj-{p4 = -^1 Pr)KiPi)AiAp N[A](q = 0))^^^ of 



Pi 



(47r)2 6 



abode _ na[bcde 



1 



-IPI 
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- X coef. in r.s.p. (wM^A^A^A^ N[A](g = 0))^^^ of 



with the definitions 

dt^ = T,[Tl{TlTl]]=d[^'''^ 



(62) 



(63) 



abed 



1 



-i 3! Tr [ Tl T^TIT^^ ] = 2 ^ df^'d'^'^ + rf£^^c^^^ -|- c^£^^c^ 



39 



same for d^"" and V^^""^, and c/l-r = - cJr, 2^l-r = Vl - Pr. 

Of course, wc write 0{Ti^) because we have computed at first order in h] but due to 
the Adler-Bardeem theorem for non-Abehan gauge theories [18], all these coeflacient should 
be zero at higher orders if there would not be an anomaly at first order. 

Our one-loop computation of these coefficients give the non-Abelian (essential) chiral 
gauge anomaly: 

= -7^^{ ^M-«/3 dl%co'^{d^A^'){d^A^'^) + ^e^^p^ Vt>^iuj-{d°^A^^^)A^-AP'' } 



(4 



7rj^ d D J 



1 2 



(47r)2 3 



^upaT^i.-K \ {d^'APA'^ - -A- A" A'') \ + 0{h') 



Remember that in the formulae for the coefficients, a sum over the different left or right 
representations is understood. Therefore, the matter representation may be chosen such 
that the coefficients of the essential anomaly above vanish. 

Finally, as explained at the end of section 2.4-i the coefficients ki of the true expansion 
in the quantum (standard) basis of insertions are equal to the coefficients f3i in the one-loop 
approximation. Moreover k^^'' = k^^^K 

* The expression of the breaking at order % 

Putting it all together we get the complete form of the integrated breaking, N[A] • 



(1) 



at order fi (this formula is a 4 dimensional one !), which reads 



N[A] • r. 



(1) 



(47r) 



1 T^Al^^abj^ab ^1^ 



1 Tt + Ti 



(47rj^ o 



1 



(47r)2 3 



+ 



(47r)2 6 

1 1 



(47r)2 3 



[ rpabcd I rpadcb i (rp , rp \ (Rbc„eda i „eba„edc\~\ kA 
L-'l+R + -^L+R + l-fL + Jr) (C C +C C )\M 



tabcd t;l 



{An) 



{Airy 



;9 



Ct,- 



Ca 



Cr C 
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^g2l+_i^ ^Ca{Mi2L-Mi3L + Mi2K-Mi3k) 



(47r) 

+ 1 1 d4xe^,,,IVL-R[a;a'^(aMM'^ - ^^MM^)] n\ (64) 

where we have defined 

A^12L(R) = (rLV)7^L(R))^^ -Ml2L(R) = / d' X i^^'^ ^ P^^^^T^^^^TI^^^^C^ 



A^i3L(R) = (7^^(R)rLV))^^.Mi^5R) = Jd'xu;'^i;^'^rPHK)Tt^K)Tl^n)i^^'^Al 
^?4L(R) = (7^lV))^'-^14L(r) = jd'xu'^u^L{R)P^^^)Tl^^^i^^'\ 



and we have used the following equation: 

nrpabcd oT'idcb i rpabdc i rpacbd i rpacdb , rpadbc (rp , rp \ ( „ebc „eda i „e6a „edc\ ( aK\ 

-^^l+r-^-'l+r + -'l+r + -'l+r + -'l+r + -'l+r = l-'L + ^fRj (c c +c c j • (b5j 

Notice that if the classical theory were CP invariant, the combination of monomials 
obtained have the same CP definite value as the breaking, as we would have expected from 
the fact that Dimensional Regularization respects discrete symmetries. But we have not 
assumed any discrete symmetry property when writing the basis of Bonneau monomials 
because we work with general representations. 

The result in eq. (64) can be obtained by computing the left hand side of eq. (64) 
to the one-loop order, i.e. calculating the renormalized part of all possible one-loop IPI 
diagrams with the insertion A; their finite part has to be a local term, because when 
going to the 4-dimensional space all (d — 4)-objects are set to be 0, so the only remaining 
finite part of such a diagram must come from a polynomial singular part formed by a 
4-dimensional object and a contracted (d — 4)-object which cancel the singularity in d — 4. 
Therefore, being local this one-loop renormalized IPI functions, there are operators (in 
the 4-dimensional space) whose Feynman rules attached with a, fi^ give the same result. 
The sum of this operators is precisely the right hand side of eq. (64). 

In fact, the one-loop calculation of the coefficients of the Bonneau identities via r.s.p. of 
diagrams with the insertion of A are exactly the same as the finite part of diagrams with 
the insertion of A, excepting some factors in the Bonneau coefficients which directly give 
the operators whose Feynman rules lead to the same result. 
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But the Bonneau identities unravel the problem in higher order computations, and the 

formulae of the coefficients given above would be the same (although with new Feynman 
rules coming from the finite counterterms we would have added in the previous recursive 
step). 

3. 6. Restoring the BRS symmetry: the computation of 

We know from algebraic renormalization theory and BRS cohomology [18] that there 
exists an integrated local functional of the fields and their derivatives, let us call it X^^\ 

r - 1^^^ 

such that the anomalous contribution N[A] • Fren , given in eq. (64), can be cast into 
the form 

N[A] . Fren] = ^ \ J d^x s^.p, IVl-r [lo 9^(9^^^ - '-A'^APA'^) ] + 

The integrated local functional, X^^\ has ghost number zero and ultraviolet dimension 4. 
Hence, by choosing S^^^ in eq. (35) so that it verifies 

c(i) _ _xW 

and recalling that eqs. (44) and (42) hold, we conclude that the BRS identity is broken at 
order h by the essential non-Abelian gauge anomaly only: 

5(Fre„) = ^ 1 1 d'x e^^p, IVl-r [a; ^'^(aMM- - '-A^A'^A'^) ] h} + 0{n^). 

The previous equation leads in turn to the result we sought for; namely, that if the 
fermion representations meet the anomaly cancellation criterion [23], the BRS symmetry 
can be restored (up to order K) by an appropriate choice of finite counterterms s\ll . 

Our next task will be to compute S^^l = —X^^\ We shall demand that S^^^ do not 
depend neither on B nor p. Recall that these fields do not occur in eq. (64). 

The more general approach to this computation, similar to our study of the expan- 
-1 (1) 

N[A] • Fren , would be: 1. Write the complete list of possible monomials of 

et dimension 4, ghost number and with no free Lorentz indices f; 2. Write the 
general expression of the finite counterterms as a linear combination of those monomials 
with coefficients depending on gauge group indices. 3. Take their 6- variation and finally 

r 1 (1) 

4. impose that this variation cancels the expansion of the breaking term N[A] • Fre 



sion of 
ultravio' 



t This list is a list in the four dimensional space-time. Of course, some generalization 
of them to the d-dimensional space-time of Dimensional Regularization has to be chosen 
while writing them in the Dimensional Regularization action; but the differences, being 
{d — 4)-objects, will begin to produce any effect at the following order in h (because they 
require loops to yield a non-zero contribution and there is already an explicit h in S^^^) 
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excepting the essential non-Abelian anomaly. This should lead to a compatible indetermi- 
nate system with the coefficients as variables and with a degree of indeterminacy exactly 
equal to the number of 6-invariant operators in the classical theory. 

But, writing such list and taking its b variation is a tedious task: lots of indices would 
come in and the resolution of the final system would appear a bit messy. 

It is plain that the gauge group structure of the finite counterterms which would be 
needed in the one-loop computation to restore the BRS symmetry is not arbitrary. A 
natural ansatz for the gauge group structure of these counterterms is to take the one- 
loop gauge group structure which can appear while computing the Feynman diagrams. 
Therefore, we write 

4't =«i J{d^A''f+a2 jA^nAt' + c jic^''%d^Al)A'"'A'^ 

+ {di.dt^ + dj,d^^) J{d^Al)A^''A'''' + +ihTl^''^ + fnT^^'''^) j A'"' A^A'^'' A^ 

+ PL ji^rPLTlM^+PR ji^'l^PRT^i^'Al 

+ J [uii^Lsi/; + uijiRsi/j' + U2hLs'4^ + U2iiRs'4^'] (66) 

Notice that because of the reason given above we have not written terms with p or a). 

Moreover, we have the combinations of terms given in eq. (30) which are 6-invariant. 
Obviously, these combinations are not relevant to our computation. Therefore, we can 
reduce the basis of possible finite counterterms to a minimum number taking into account 
these invariant counterterms. 

La and contain p^, which we supposed already not to appear in the finite coun- 
terterms, so these invariant terms can not be used to reduce more the number of finite 
counterterms. But, using Lg wc can impose e = and by taking advantange of L^(^,) we 
can set Pl(r) = 0, without loss of generality. 

Then, there should be a unique solution for the problem of cancellation of spurious 
anomalies in terms of the rest of variables ai, a2, c, (iL(R): /l(r): '^l(r): ''^il(r) and W2L(r)- 

We recast eq. (66) in the following form: 

=ai Ai + 02 A2 + c A3 + dL A4L + dR A4R + /l Asl + /r A5R 

-I- n-L AeL + "-R AeR -I- ttiL A7L + um A7R + tt2L AgL + W2r Asr. (67) 



We need the b variations of the As expanded in terms of the integrated monomials 
we called M.s. Moreover, the coefficients of these expansions should be symmetrized if 
the gauge group indices of the corresponding monomials have some symmetry properties. 
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This is necessary because, for example, M^'^ = M^'^^ and then not all M^"^ are linearly- 
independent. The result reads: : 

6 Ai = 2 S""^ Mf - 2 c''^'^ Mf^, 6 A2 = -2 5"^ Mf + 2 c"^^ Mf", 

6 A3 = - ic''^^ Mf" + ic"'"^ Mf" 

_ ^^ebc^eda ^ ^ebd^ecaj j^abcd ^ ^[^efec^eda ^ ^e6a^edc| J^abcd ^ 

A4L(R) = - dl% Mf" - df^^) Mf" + df^^^ Mf" + Mf" 

/ jebc „ecia i jebd „eca\ \y4ahcd , ^lehd „eca \y4abcd 
~ 1"L(R)C +"l(R)C J-Z^IT +"L(R)C -/^ig 5 

I, A \ rriabcd I rpacdb , rpabdc , rpadcb ~\ k a abed 

A5L(R) = - [ J L(R) + L(R) + L(R) + L(R) J -^7 

- 2 [T«(t^ + Tl\^) + T«g5 + T«(t^] Mf"'' (68) 

r (rpmcde I rpmdec _i_ rpmced _i_ rpmedc\ „mab 
~l[ \-'-L(R) "'"-'l(R) "'"-'l(R) +-'l(R)^C 



bed 



^.-^^R) "r-'L(R) "r-'L(R) "r^L(R) 

I (rpmbde i rpmdeb i rpmbed i rpmedb\jmac 
+ l-^LCR) +^L(R) +^L(R) +^L(R) 

I (rpmebc I rprabce , rpmecb , rpmcbe\ mad 

+ Ul(r) +-'l(r) ^-'lcr) +-'l(r)Jc 

I (rpmdbc I rpmbed i rpmdeb , rpmcbd\ mae~\ \yiabede 

+ Ul(r) +-'l(r) ^-'lcr) +-'l(r)J<^ J -'^g 
= - [2T^(^^'J + 2Tlf^'^ - (Tl + Tr) (c^^^c""^^ + c^^^c^^") ] A^f '^'^ 

- 2 [2T^f'^'5 + 2r^g5 + (Tl + Tr) {c"^^c"'^'' + c"^''c"'^^) ] M^ 

+ Mf"''", 

i>^6h{R) =^10L(R) +^11L(R)5 
A7L(R) =MiiL{R) + * A^13L(R) + ^ C"^" Mf^l^^^, 

The coefficient in 6 • A5l(r) of Mf"^" turns out to be zero!, which can be proved by 

expressing the c"''^'s as commutators of the corresponding matrices and then using the 
cyclicity of the trace. If this coefficient would not be zero the system of equations below 
would be incompatible! We have also used the relationship given in eq. (65). 

Now, we impose the that the sum of the terms on the right hand side of eq. (68) 
matches the right hand side of eq. (64), after removal, of course, of the term carrying the 
essential non-Abelian anomaly. The following linear system of equations is thus obtained: 

* from Mf : 2ai - 2a2 - ^ ^ 



(47r)2 3 ' 

abe o ■ _ 1 + ^R 

(47r)^ 



* from Mf": -2a2-ic=- ^ ^ and dL(R) = 0, 
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* from Mf" : 2ai + z c = (Tl + Tr) ^ and dL(R) = 0, 

* from Ai'^'^ : cJl(r) = 0, we will not write this unknown anymore 



tL(R) 

* fromMf'^'^: -1 c + Tl /l + Tr /r = -^^^^4^ 

2 (471 J ^ D 



abed 



* from Al 



* from M^,ti% : 



^c-2TL/L-2TL/, 



R 



1 Tl + Tr 



(47r)^ 



and - 2 /l(r) = - 
and - 4 /l(r) = 



1 1 



(47r)2 6 
1 1 
"(4^ 3 



/l(r) 



X = 



* from A<iol(r) : nL(R) + W2L(r) = [C'l(r) - ^ + {a' - 1)(^^ - ^)] 

* from MnL(R) : nL(R) + t^iL(R) = [Cl(r) - ^ + (a' - 1) (^^^ - ^)] 



* fromAli2L(R) 

* fromA1i3L(R) 



* from M?^t(R) : 



—I 



■J^2L(R) 



*«1L(R) 

i 



4 



(An) 



u 



2 (47r)2 



* fro"^ -^^SMR) : 2 ""'^(^^ " ~ (4^ 



4 
8 

/ [1 + {a' - 1)] ^ 



/ [1 + {a' - 1)] 



Notice that there are more constraints than unknowns. In fact, several equations 
appear repeated and the system has 14 different equations and 13 unknowns, which turns 
to be compatible whose unique solution is: 



1 



ai 



c = 



(Tl + Tr), as 



1 1 



(47r)2 12 

^ (Tl + Tr), rfL(R)=0, 



(47r)2 4 



(Tl + Tr), 



(47r)2 6 

1 1 

(4^ r2 



■^L(R) = 71^ ^> ' ""LCR) = [C-LCR) + («' - 1)^^] 



6 



WlL(R) = '«^2L(R) = 



1 



2 C'a / 
^ — Q! . 



(47r)2 " 4 



In summary, the following choice of S\J^ removes up to order U the spurious anomaly 
terms from the BRS equation (eq. (42)) 
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(47r)2 6 



* 1 rpabcd I rpabcd 
I L ' R Aa AbyL AC idu 

+ (4^ 12 ^'^^ 

+ -^9^ [Cl + («' - 1)Cl/&\ \ ^rPLd^ij (69) 

+ j^g' [Cr + {a' - 1)Cr/6] ^'rPRd^.^' 

- J^9^^[l + («' - 1)] {LsiP + LsiP + RsiP' + Rsi>') } 

where Zg^"*, Z^^"*, Z^V, Z^"* and /i^'' are arbitrary coefficients which will determine the renor- 
malization conditions at the one-loop order and Lg, L^, L^/, L^, are any of the general- 
izations to the d-dimensional space-time of Dimensional Regularization of the correspond- 
ing 6-invariant four-dimensional operators. We have written 5'^^^^^ in the d-dimensional 
space of Dimensional Regularization so that diagrammatic computation can be readily 
done. 

Notice that no terms in cD or p are added, excepting the combination p in the invariant 
counterterms; therefore the ghost equation holds up to order %. 

Notice also that, because of finite counterterms depending of the external fields L, L, 
R and R have been added, we have now, e. q. (set = 0), 



6L{x) 



Z/=0 



6L(x) 



= N[si;]{x) ■ Tren + u'^^j] #(a;) + 0(^2) = N[si; + It} ufl si^]{x) ■ Tren + 0{n^), 

Z/=0 



which can be interpreted as a "non-minimal" renormalization of the operator insertion (we 
always apply minimal subtraction to the regularized diagrams, but the action have explicit 
higher order finite counterterms). Moreover, with l^^ 7^ or l^^ 7^ 0, the insertion of the 
non-linear BRS-variations of the fields can be renormalized in different ways, all of them 
compatible with the BRS identities {i.e. there are several renormalization conditions for 
that insertions compatible with the identities). 

Of course, the finite counterterms given in eq. (69), are strongly dependent on the 
choice for the 0{h^) action, (the Dimensional Regularization classical action in eq. (35)). 
If we would have chosen the other mentioned fermionic vertex, the counterterms would have 
certainly been completely different (and more complicated). But anyway the procedure 
would have been equally correct. 

Notice that if the classical original theory is CP invariant the finite counterterms of 
eq. (69) are also CP invariant. This was expected, due to the comments in the second 
paragraph below eq. (34). 
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3. 7. The renormalization group equation 



It is plain that the standard textbook techniques usuaUy employed to derive the 
renormalization group equation for dimensionally renormalized vector theories like Q.E.D 
and Q.C.D are of no use here. The formalism of bare fields, bare coupling constants 
and multiplicative renormalization of the classical action breaks down as shows eq. (37). 
The generalization of this formalism to include evanescent operators, and the correspond- 
ing renormalized coupling constants, becomes a bit awkward when the regularized theory 
does not posses the symmetries that should hold in the quantum field theory. Indeed a 
host of bare evanescent non-symmetric operators, each bringing in a new renormalized 
coupling constant, may enter the game. This is in addition to the finite non-evanescent 
non-symmetric counterterms needed to restore the symmetry broken in the dimensional 
renormalization process. These finite counterterms should also come from bare operators. 
Hence, the construction of an appropriate bare action and the derivation of the true (i.e. 
only involving as many coupling constants and anomalous dimensions as there are classical 
couplings and fields) renormalization group equation is a rather involved task (for related 
information see ref. [32]). We shall abandon this quest altogether. Indeed, thanks to the 
Quantum Action Principle, Bonneau identities and the formalism of algebraic renormal- 
ization there is no need to introduce bare fields and bare couplings to derive the true 
renormalization group equation. We only need the renormalized IPI functional, Fren, 
which is symmetric up to the order in h demanded, obtained by the method explained in 
this paper. 

Let rren[</?, Ki^; g, a', n] be the dimensionally renormalized up to order IPI func- 
tional of our theory, which we will take to be anomaly free all along the current subsection. 
Fren depends explicitly on the fields, collectively denoted by (p and the external fields, 
collectively denoted by K^, the coupling constant g, the gauge fixing parameter a' and the 
Dimensional Regularization scale fi, which is introduced along the lines laid in v) of sub- 
section 2.2. We shall assume that finite countertems, S^^^^ (see eq. (35)), has been chosen 
so that the BRS equation 5(ri.en) = 0, the gauge-fixing condition i3(ri.en) = (eq. (46)), 
and the ghost equation ^Fren = (cq. (47)) hold up to order 

The renormalization group equation of the theory gives the expasion of the functional 
/x ^g^" in terms of a certain basis of quantum insertions of ultraviolet dimension 4 and 
ghost number [7,18]. The coefficients of this expansion, which are formal power series 
in h, are the beta functions and anomalous dimensions of the theory. Since Fj-en satisfies, 
up to order h"', the equations mentioned in the previous paragraph, the elements of basis 
of insertions we are seeking is not only constrained by power-counting and ghost number. 
Indeed, the following three equations hold up to order 



(9F 

^ '^^ ren ^ 
OjJ, 
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Notice that the operator ji-^ commutes with the functional operators B, Q and that 

/.|^(5(rren))=5r..„/.^. 

<Sr^g„ stands for the hnearized BRS operator: 



5L Sip Sip 5L 5R Sip' 6ip' 5R 6L Sip Sip SL 

, S STren , ST 

Ten "-' I 

Ir Sip' Sip' Ir) 

The functionals with ultraviolet dimension 4 and ghost number which satisfy up to 
order the set of equations in eq. (70) form a linear space. Let us construct a basis of 
this space. In the classical approximation {i.e. at order ^°), a basis of this space is given 
[18] by the b = ^S^^j -invariant terms Lg, L^, L^,, L^, L^,, La and L^, defined as follows: 

^9 =9—^ = ~2 {SclAA + SclAAA + ScIAAa), 

=-^^ Sci = 25*^^^, L^p, = Af^, Sci = 2S'^j^,^,, 

L]p ^■^Ip = + 25*^1^^^, L^i = M^i Sc\ — 2S^^,^, + 2S^i^/^/a: C^l) 

La =Ua Sci = 25*01 + 35*01 AAA + 45*01 aaaa + ^'cI^^aa + 

I^u) 'S'cl — Sclpuj + Sc\u)u! + SclpuiA + Sc\(^uju! + S^ii^g^ + 'S'cl^si/)' + 'S'clLsVi "I" ^cl Ra-tp'^ 



where the 5'ci... terms are the corresponding S-independent terms of the classical action 
5*01 given in cq. (27). The symmetric differential operators [18] jV^, A/"^, A/"^/, A/"^/, A/a 
and J\fu, in eq. (71) are given by the following identities: 

Na = Tr{NA -Np-NB- N^,) + 2a — , (72) 
Af^ = Tr{N^-N^). 



The field-counting operators N^^^\ iVjP\ Nl, Ni, Nr, N^, Na, N^, -/Vu> and iV^ are 
the operators in eq. (38) for d = 4. 

We shall work out now a basis (up to order , of course) of the space of joint solutions 
of eqs. (70) with the help of the statement made in the second paragraph of subsection 2.4- 
(see ref. [18] for further details). Up to order a quantum extension of the classical basis 
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in eq. (71) is furnished [18] by the action on Fren of the symmetric differential operators 
defined above along with symmetric differential operator gdg. Indeed, the functionals 



^rren R L L R 

9 1 ■^il) Tren) ^^/j'Trenj A^^Fi-en) ^^'Tren) ^^Treii) M^jVy. 



which are to be understood as formal series expansions in h, match the corresponding 
functionals in eq. (71) at order liP and the symmetric differential operators gdg^ M^, J\f^, 
N^i, A/"^,, Ma and are compatible (this is why they are symmetric), up to order /i"', 
with the BRS equation, the gauge-fixing condition and the ghost equation, in the sense we 
spell out next. 

Let T be the linear space of functionals with ultraviolet dimension 4 and ghost number 
which satisfy (up to order U^) the BRS equation, the gauge-fixing condition and the ghost 
equation: S{T) = 0, B{T) = 0, ^(F) = 0, VT e J^. An operator T> acting on is said to 
be compatible with the BRS equation, the gauge-fixing condition and the ghost equation 
if, by definition, the following set of equations hold: 

5r(OT) = o, A(OT) = o, g{vr) = o. 

In summary, up to order fi^, any joint solution of eqs. (70) is a linear combination 
with ^-dependent coeflftcients of the following functionals: 

dTren R L L R 

9 1 M^ Tj^Qn, ^i/j'Trenj Mtlt^rem M-ilt'^rem J^A^reni Muj^ren- (73) 

In particular, if fi is the arbitrary "scale" introduced by hand for each loop integration 
in minimal Dimensional Renormalization (see v) in subsection 2.2.) , then, /x ^g^" has an 
expansion in the quantum basis given above: 



rren = 0. (74) 



This equation holds up to order and it is the renormalization group equation of our 
theory. Notice that the expansion in terms of the basis in eq. (73) is only possible 

if the renormalized functional satisfies order by order the BRS identity (hence, there is 
anomaly cancellation, in particular) and the gauge-fixing condition. It is important to 
notice that the regularized IPI functional does not generally satisfy an equation such as 
eq. (74). 

Let us notice that the coeflBcients of the expansions of /i in the quantum basis 
of insertions in eq. (73) are the beta functions and anomalous dimensions of the theory. 
These coefficients are to be understood as formal expansions in h. The first non-trivial 
contribution to these expansions is always of order h, since the lowest order contribution 
to Fren is the classical action, ^d, and = 0. 

We next proceed to the computation of the beta function and anomalous dimensions 
of our theory. This is done [6] by expressing first A* ^5^) 9 " ^nd A/'^Fren, where 
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denotes any of the differential operators in eq. (72), as insertions in Fren of linearly- 
independent local normal products of the fields and their derivatives; then, these insertions 
are substituted into the left hand side of the renormalization group equation (eq. (74)) and, 
finally, one solves for /3, 7^, 7^/, 7^, 7^/, and 7^^, the set of equations involving only 
numbers which results from the linear independence of the aforementioned local normal 
products. 

That g ^^q^ and A/'^Fren, where A/",^ denotes any of the differential operators in eq. (72), 
can be expressed as insertions in Fj-en of normal products is a mere consequence of the 
Quantum Action Principle: QAPl and QAP3, given by eqs. (14) and (16), lead to 

and 

F,en = N[(A/'^ (^0 + 4? ))] • Tren, (76) 

respectively. Hence, every element of the symmetric quantum basis in eq. (73) is a local 
combination of quantum insertions of integrated standard (i.e. non-evanescent) monomials 
with ultraviolet dimension 4 and ghost number (see subsection 2.4 ) ■ It should not be 
overlooked the fact + S\^^ in eqs. (75) and (76) is the non-singular contribution to the 

Dimensional Regularization action, S^^l^^^ (see subsection 3.2.), employed to obtain the 
minimal dimensionally renormalized IPI functional up to order fi^ , ^reni by following the 
algorithm spell out in subsection 2.2. The formal functional 5*0 + 5'^^'' is therefore an object 
in the d-dimensional space-time of Dimensional Regularization. If n > 2, it would not do 
to use some other functional, 5", such that {Sq + s\^^) — S' = S' is an integrated evanescent 
operator whose /i-expansion has contributions of order fi^ , with m < n — 2. Recall that the 
contribution 0{h^'^~^^) in S' is not be relevant here since, being an evanescent object, the 
lowest order contribution coming from its insertion in Fren is 0{fi^) and local, so that it 
does not contribute to the renormalization group equation at order h^; a similar argument 
holds for the term of order in 5". 

Now, by substituting eqs. (75) and (76) in eq. (74) one obtains the following equation 



^ ^ = "^^ n ^^^'gf'^'^ ] ■ Tren + 70 N[(AA, {So + SQ))] " Fren, (77) 



where labels the symmetric differential operators in eq. (72). Hence, to compute the 
beta functions and anomalous dimensions of the theory we only need an independent way 
of computing fi ^g^" in terms of the insertions on the right hand side of eq. (77). We shall 
set up this independent way of computation next. 

Unlike for the subtraction algorithm employed in ref. [3], in minimal dimensional 
renormalization, one can not use (see ref. [6]) the Quantum Action Principle to obtain an 
equation for /j, ^g^" analogous to eqs. (75), (76). Indeed, in minimal dimensional renormal- 
ization, fi is not a parameter of the action (Sq + S^^^), but a parameter which is introduced 
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by hand in each loop-momentum integration (as a factor //^~'^) before computing the renor- 
mahzed value of the corresponding Feynman diagram. 

The problem of expressing jj, ^-s an insertion in Tj-^n of a linear combination 

normal product operators was also solved by Bonneau [6] in the framework of rigorous 
minimal dimensional renormalization. He obtain a formula similar to eq. (25), i.e. a 
Zimmerman-like identity, for a scalar case with no added finite counterterms in the action. 
Here we need the generalization to the presence of several type of fields, including external 
fields, the presence of hatted objects and also the presence of finite counterterms up to 
order h^, in the action {Sq + S^^^). The needed generalization reads 



dVr 



d/j, 



"=0 {jl,-,jr,} Nl>0 



E 

r=0 {<1 ■■ ir} 
-1 

1 



QT 



— lPI,(iVi) >, 

i-in){4>j,{pi)... 4)j^ ipn ^-Y.Pi ) ) K=0 f 

Pi — U y 



X 



n 



Id^xN n {( n d,^)<i>3.}]i 



E E E {"p 



$ r=0 {ii 



k=n—l {a/ia=k} 

(r)! 



X 



■ji (Pl) • • • (Pjr. (Pn)N[s$] {pn+1 =-EPi)>K=0 

^ ydS(K^(x)N[n{( n 9,^)<i^j,]]{x)-r 



k=n {a/ia=k} 



(78) 



where J = {ji, ■ ■ ■ ,jn}, and, uj{ J) and u){ J; $) stand, respectively, for the overall ultravio- 

~ ~ ipi ~ ~ ipi 

let degree of divergence of ((^ji(pi) ■ ■ (pjAPn)) j^^q and {(pj^Pi) ■■ (/)j„(pn)N[s$](pn+i)>^^o- 

The bar upon the IPI Green functions means that all subdivergences has been subtracted 
from the Feynman diagrams which contribute to them. This is as in eq. (48). The novel 
feature here is the presence of the superscript A^; on the upper right of the Green function, 
which indicates that only Feynman diagrams with precisely A^; loops are to be consid- 
ered. Notice that one then sums over all number loops upon multiplication by A*"; of the 
Ni -contribution . 

The r.s.p. of the subtracted (subdivergences only) IPI Feynman diagrams contributing 
to the right hand side of eq. (78) is a local polynomial in the d-dimensional space of Dimen- 
sional Regularization of external momenta associated with the fields of the corresponding 
IPI function; so, in general, it will contain hatted and barred objects (metrics, momenta, 
gamma matrices). Therefore, the formula will generate automatically also evanescent (also 
called anomalous) insertions. The meaning of x in last formula is the same as in eq. (25). 
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Hence, the expansion in eq. (78) can be recast into the form 



=J2^i • Tren + J] Tj N[W,] • Tren (79) 

i 3 

where VVi and Wj denote, respectively, the barred (non-evanescent) and hatted (evanes- 
cent) elements of a basis of integrated monomials with ghost number and ultraviolet 
dimension 4. The symbols fj and fj in eq. (79) are coefficients defined as formal expan- 
sions in h (starting at h, since their computation involves that of the r.s.p. of the divergent 
part of the appropriate IPI function). The order < m < n, contribution to these 
coefficients is obtained as follows: 

* Take a divergent, by power-counting, IPI function with some number of fields of 
definite type ( maybe including some external field coupled to a BRS variation). 

* Compute the residue of the simple pole (r.s.p. ) of every 0(/i"^)-graph constructed 
with the Feynman rules derived from the action (5*0 + S^^^) and contributing to that IPI 
function, with all their subdivergences subtracted. 

* Multiply the last quantity by the number of the loops of the graph 

* Sum over all graphs contributing to the IPI function 

* Being the sum a local expression, their different terms can be interpreted as Feynman 
rules of tree-level integrated insertions of Lorentz invariant (normal or anomalous) com- 
posite operators, formed by just the fields of the original IPI function and some different 
combination of metrics, derivatives and gamma matrices. 

* Do the same steps for every divergent IPI function. Then you will obtain the 
expansion eq. (79) with the 0{h"^) coefficients. 

Explicit expressions for each fi and fj similar to that ones for the expansion of the 
anomalous breaking can be given. For example, if 



W2I 
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2 



IPI 



Ni X coef. in r.s.p. (-z^) (^«(pi)^^(p2 = -pi)> of pi^ 



and so on. 
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Next, by using the Bonneau identities technique we shall express (see subsection 2.4-) 
every evanescent insertion N[VVj] ■ Fj-en on the right hand side of eq. (79) as a linear 
combination of standard {i.e. non-evanescent) insertions N[VVj] • Tj-Qn.: 

N[>V,] • Tren = J] C,i N[W,] • T^en. (80) 
i 

The coefficients cji are formal expasions in powers of h, having no order contribution. 
The use of the previous equation turns eq. (79) into the following equation: 

A*V^ = E^^ W-Fren, (81) 

i 

where Vi = fi + fj Cji, so that rj = fj at order h. Notice that, because the evanescent 
insertions are to be expanded according to the Bonneau identities in eq. (25), the compu- 
tation of ri up to order only involves the contributions to f-,- up to order h^^~^\ whereas 
the contributions to fi are needed up to order h^. 

Now, since <7 ^[^o + 4?]> [So + sQ], 9 ^ [('5o-^o) + (4? "4? )] and AA^ [{S^- 
Sq) + {s\^^ — s\^^)] are linear combinations of monomials of ultraviolet dimension 4 and 
ghost number 0, it is advisable to choose the basis of monomials {VVi, Wj}, which occurs 
in eq. (79), in such a way that it contains the former set of monomials. In other words, 
the basis {VVj, VV,} so chosen makes it possible to obtain the coefficients on the right hand 
side of the following equations 



9§g[So + 4^ ] = E >Vi, [-50 + 4^ ] = m 



9 §- [{So - So) + (4^ - 4? )] = E w.-, 
[{So - So) + (4? - 4?)] = E 

by reading them from the left hand side of the corresponding equation. The coefficients 
Wgi^ Wgi, w^i and Wff,i have expansions in powers of h; these expansions, though, have now 
contributions of order h^. 

It is a trivial exercise to check that eq. (77) can be recast into the form 

dV 

i </> j <!> 

The substitution of eq. (80) into the last equation gives the following result 

1^^^ = E ( - + E ■ Tren, (82) 



53 



where 

Wgi = Wgi-\-'^ Wgj Cji and w;<^j = w)<^^ + ^ w^tj Cji, 
j j 

where the index j labels the elements of the "evanescent" basis {VVj }- 

Finally, by comparing eqs. (81) and (82), one obtains an overdeterminate system of 
linear equations whose unknowns are the coefficients P and 7^: 

n = -p Wgi + 70 Wcj,i, (83) 

<^ 

where the index i runs over the elements of the standard {i.e. with no evanescent operator) 
basis {yVi}. 

Several remarks about eq. (78) are now in order. 

* This equation is only correct if the finite counterterms in S^^^l are independent 
of fj,. This poses no problem, because the finite counterterms we need to add to the 
action to restore the BRS identities do not depend on fx, thanks to the fact that in the 
Bonneau identities we have to compute only r.s.p.s of IPI functions with all subdivergences 
minimally subtracted and these r.s.p. are always mass and independent. 

* The counterpart of eq. (78) in ref. [6] replaces the factor Ni, which counts the 
number of loops, with the operator h This is because, if no terms of order fi^ , m>0 
are present in the action, then the powers in 7i of a graph counts its number of loops. But 
now we have added higher order terms in % to the action and so we cannot use ^ as a loop 
meter. This can be superseded by introducing a new parameter /, which divides the whole 
action, including the finite counterterms. Then would be the factor attached to a A^^- 
loop Feynman diagram. Note that only in the limit I — > 1 the finite counterterms restore 
the BRS identities. Therefore, the factor Ni in eq. (78) is replaced by hm/^i {l + /^}. 
Thanks to the action principles, the action of the operator lim;^i |l + /^| on a IPI 
Green function computed for arbitrary / can be replaced with the insertion of the integrated 
operator 1 — N[i(5'o s\^^)] into that IPI function at / = 1. It should be stressed that this 
is true only if there is no explicit /U-dependence in the finite counterterms. 

Let us move on and compute the beta function and anomalous dimensions of our 
theory at order %. At ^-order, eq. (83) reads 

for n = ffh + 0(^2), (3 = p^^^n + o{h^), wg, = wf^ + o{n), 7^'^ = -i^^h + oin") 

and W(j,i = w^^ + 0{K). To obtain {r^^^''}, we just need a suitable basis of integrated 
barred monomials {VVi} with ultraviolet dimension 4 and ghost number 0: the evanescent 
monomials {VVj} are not needed at this order in fi. The basis {VVj} is furnished by the 
following list of monomials with ghost number 0, dimension 4, free gauge indices and fully 
contracted Lorentz indices: 
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* a) Monomials with only As 

Wf = Jidfidi, A''f^)A^'', = J(aA'i)A''P, 

y^abc = J(dfiAl)A^f^A''^, Wl^'' = J{dfj,A''f^)A%A''^ , 
Wf^ = Je^^pa {d'^A^~^)A''^A''~P, 

yyaia2a3a4 ^ j^^^^^ j^a^t, j^a^i^ j^a^p j^a^5 ^ 

* b) Monomials involving fermions and no external Gelds 

w% ^ jlij, tpk^-^^j^ wir = /v^i rp^^j A% 

= /! 0: rPi.^-,i^'p wS" = /V'! rPi.^^', ai. 

* c) Monomials involving ghost and no external helds 

= juj" d~^{u^Al), Wfl^ = j^" {^^^A^^^) uj", 

* d) Monomials involving external Gelds 

Wg'' ^ Ju'^ R^Pni^., Wg^ ^ MPlu^'-Rj. 

Next, eq. (78) leads to 

/^^ = EE^^'^'^'>^^^ + 0{n% (85) 

i=l 



where Aj denotes the set of gauge indices, denotes henceforth the counterpart of the 

operate 
follows: 



operator in four dimensional space-time and the coefficients r'f'^'^^ are defined as 



r^'^"'=^^coef. inr.s.p. (-i) {Al{p^)Al{p^ = -p,)f^^\ip>ipl = 
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— = r-ir-i^i; - 

r^-- =% coef. in r.s.p. (V'/3j(-p)^ai(p)) of (^Pr)^/? = 0, 

fg) « =i coef. in r.s.p. (-/) of (7^^ P^)^^ = 0, 

ipi(i) 



12 

) U a 
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To remove much of the redundancy in the hnear system in eq. (84) we shall rather 
express /x ^g^" in terms of the functionals in eq. (71). By using the following equations 
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(87) 



where, Tl+r means sum over all left and right representations {e.g. number of "flavours") 
in the theory. 
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Now, it is plain that eq. (77) reads 



1^ 



dfj, 



dg 



(88) 



which in turn can be expressed in terms of the functionals Sd--- given in eq. (71). 

Finally, the fact that the left hand sides of eqs. (87) and (88) should match gives rise 
to the following system of equations: 



* Prom -SciAA 

* From -SciAAA 

* From S'ciAAAA 

* From 5^ T , 

*From ^L^^^ 



* From 

* From 

* From 

* From 



* From 

* From 

* From 



(47r) 



'-^clV'''!/''A 



- Ca (I + a')) 

2/?W +47^^) = J^9'[i^-CA (-1 + 2(1 - a')) 
2 7J;^^^ = ^^^Cl2«', 
2iy'^ = j^g'Cn2a', 



(1-"') 



'S'cl 



ojujA 



'cl LsV" 



* From S, 



cl hsip 



(1) 



(477) 

i^if g"^ Ca, 
j^g^o!CA, 
j^g'o.'CA, 

Kjg^ a'CA, 



2 , + 2 a'CL 
(2- (i^)c^ + 2a'CR 



-iA^''^iJ'^ = -T^gHi+^-^]CA. 

(1) = 
lu) — 

(1) = 
lu) — 



(89) 



(4 



r^g^a'CA, 



clRsi/)' ~^ luj ■ ■ — (47r) 

S.^ - -lA^'^ + 7.^^) = - (4^ (1 + ^) Ca, 

^fif^ a'CA, 



cl pa» 

* From ScipujA luj 

* From ScXi^tuLo 



(1) 



(47r)2 



which is a simplified version of eq. (84). This simplification takes place since the non- 
symmetrical finite counterterms, 5'^^^ , needed to restore the BRS symmetry and the evanes- 
cent monomials, VU,, only begin to contribute to the renormalization group equation at 
order h'^ . At order /i"^, n > 1, it is the linear system in eq. (83) which is to be dealt with. 
The system in eq. (89) is compatible and overdeterminate and its solution reads: 



(47r)= 



g 



4Tl 
3 2 
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(47r)2 ^ 

7u,^'^ = ^/«'Ca, (90) 

The reader should notice that to actuaUy compute the beta function and anomalous 
dimensions of the theory one does not need to evalute the thirtyone coefficients in eq. (85) 
(computed in eq. (86)) but just a few of them, if appropriately chosen. Indeed, the com- 
putation of, say, f^^°'^, ^8^'**"' 7 ^lo''*^! ^16''"'' fyj"'^^ would do the job. However, a 
thorough check of the formalism demands the computation of the thirtyone coefficients in 
question. And this we have done. 

We have finished the computation of the renormalization group equation at order h 
for the theory with classical action in eq. (27). Our expasions were expasions in %, as suits 
the cohomology problems which arise in connection with the BRS symmetry, rather that in 
the coupling constant g. Our parametrizations of the wave functions were such that g only 
occurs, in the classical action, in the Yang-Mills term, so that gdgSd is the only element 
(modulo multiplication by a constant) of the local cohomology of the BRS operator b (see 
eq. (29)) over the space of local integrated functionals of ghost number and ultraviolet 
dimension 4 (Lorentz invariance and rigid gauge symmetry are also assumed). The other 
contributions to the renormalization group equation are 6-exact and have to do with the 
anomalous dimensions of the theory. 

It is often the case that one choses a parametrization of the wave function such that, 
at the tree-level, the fermionic and the three-boson vertices carry the coupling factor g, 
and the four-boson vertex is proportional to g^. The renormalization group equation 
for this parametrization of the wave function is easily retrieved from our results. Let 
us denote by r*g^[A*, w*, a;*, S*, p*, -0, •0', a*, ^f] the IPI functional for this new 
parametrization. Then, 

r*,„ [A\ iv\ u\ B\ p\ c, V', V', V'', V'', ^7] = 

Tren [gA\ guj\ g-^uJ*g-\ g-'B\ g-'p\g-^C\ V', V', V'', 9^a\g] = 

Tren [-4, W, W, S, p, (, if), -0, , «, g] , 

where Freni^, ^, -B, p, '0, ■0, ■0, '0', a, g] is the IPI functional for the parametrization of 
eq. (27). Now, since 



da* 

the renormalization group equation eq. (74) becomes (in terms of the usual combination 
as = S^V(47r)): 

d d d 
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lu,*N^* - ^b*Nb* - lp*Np* - 7<^*Ar^* ] r*g„ = 0, 



with 



/5s = 2/3, 
7a* = -Ip* = -7a)* = -7b* = 7a + 

7u.* = -7C* = 7a; + 

(^a* = -27A* = -2 (7A + /3). 
finally, by using the results in eq. (90), one obtains 



(1) ^ as 



as 

TT 

OS 
TT 



2 Tl+r 11 

3 2 6 ^ 



1 ^L+R 

3 2 



Ca 
4 



13 



7 



TT 



1 ^L+R _ Ca f 31 
3 2 ^ 



a 

a* 



4. Chiral Yang-Mills theories: non-simple gauge groups 



The tree level action 

In this section, the gauge group will be a compact Lie group which is the direct product 
of Ns simple groups and Nj^ Abelian factors. Its (real) Lie algebra is a direct sum: G = 

Gi © ■ ■ ■ © Gna ©Gjv^+1 © • • • © Gjva+jvs of dimension dc = Nj^+ ^Ga^+i ^ ^Gnj^+ns ■ 

The index G, which labels the group factors, will run from 1 to A^^ + A^, the index 
which labels the Abelian factors, from 1 to Nj\^ and the index S, which labels the simple 
factors, from 1 to A^. 

Therefore, there exists a basis for the Lie algebra which can be split and enumerated 
as follows: 

da. 



and such that the Killing form of the semisimple part is diagonal and positive definite; so, 
we choose to lower and rise indices. For any such basis, the structure constants, given 
by = iCab'^Xc, are completely antisymmetric, and CacdeCb^ji^de = if G G*, 

Caade Cbcde = Caadaea Cbadcea = ^A^^ ^ab, with C^'^^ = (clearly, Ca^bc = 0). 

Let us display the field content of the theory and introduce the Dimensional Regular- 
ization classical action, Sq. We have first the Lie-algebra- valued fields. The pure Yang- 
Mills part of the tree- level action in the cZ-dimensional space of Dimensional Regularization 
reads: 

(91) 



Sym = Jd^x -^F^.CabF'^"' 
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where C is a diagonal matrix with 



/ —2 —2 —2 —2 —2 —2 -l 

1^1 ) • • • ) 9nj^, 1 9n^+ij • • • ) ^JVa+I ; • • • ; 9n^+Ns ' • • • ' 9n^+Ns J 



in the diagonal. Hence, 



SyM = j^'^Y.-^FlSloFiaU 



where F^i^^'^'^ = 9^^^^^''° - a^^Jf^^^ + c'^abaca Af^^^ A^^ . Obviously, aU the re- 
maining Lie algebra-valued fields are indexed in the same way yielding: 



The free boson propagator reads now: 



k"^ + ie 



\ ^2 / 



i.e. diagonal but no longer multiple of the identity. 

Notice that we have also introduced ghosts to control the Abclian variations. Since 
ghosts in Abelian theories do not interact with the rest of fields (V^w"^ = d^u-^), they can 
occur in a non-tree-level IPI diagram only as a part of a vertex insertion (BRS-variations 
and breakings); so that, by differenciating with respect to co-^ the Slavnov- Taylor identities, 
the usual Abelian Ward identities are easily recovered. But we insist on keeping the Abelian 
ghost in order to have an unified notation. 

The matter content of the theory will be only non-Majorana fermions. The corre- 
sponding fermion fields, carrying a left-handed (right-handed) fully reducible rep- 
resentation of the gauge group, so that it can be descomposed in a sum of irreducible 
representations. From now on, until otherwise stated, we will take both the left-handed 
and right-handed fermionic to be irreducible, the general case just involve a sum over all 
the irreducible representations. 

We shall index the fermion fields carrying the irreducible representation of the gauge 
Lie algebra as follows •0*i'- -,«Ars (■0'«i.---,*jvs with is running from 1 to ds{d's)\ so that the 
generators of the Lie algebra are given by 



{^^R)}^!^! = { ^L(R) Ylti ® Id(') • • 



where each iL(R^) is a real number and 
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AU+1 



1 ® { 1^(0 



i^L(R) /as=l ® -^rfW /5=1' 



where T^^^^ e ^d''^ complex matrices of dimension d^-* which furnish an irre- 

ducible representation of dimension d^^ of the Lie algebra Gjv^_|_5, S = 1- ■ ■ Ng. 

The BRS variations of the fermion fields in the d-dimensional space of Dimensional 
Regularization are defined to be 



(') 



J2 ^<^^^Ar) id('> 



L(R) 



5=1 as=l 



1,.) i^L(R) V'^'^ 



and the regularized interaction is introduced in the same way. 
The following results will be useful 



TV- trp{S)asrp{S)bs-i 
J-tM (,)((D) LJl(R) ^L(R) J 
s 



M (,)((E) [^L(R) 



(5)as] _ 



= 0, 



Ns 



n 4^ I ^iR) ss 



Tr[TLV)TLV)] = <; 



n 4^ 

5=1 





fa fb 
''L(R) ''L(R)' 



if a = a5 and b = bs, with <S = 1, • • • , Ns 

if a < AU and 6 < AU 
in the remainder 



-'l(r) -'l(r) — "-"tyr^ J-wC) 



(5) 

L(R) -"d^ 



(^L(R)) 



(^) 

L(R) 



es 



G=l 



L(R)^L(R) - 2^ <^L(R) ^d['^ 



1,0 



(') 



2^ ^] 



L(R) 



AU+Afe 

Z^-'lCR)*.*^ Jb-^LCR) - 2^ 5'G*-'L(R) = *^L(R)' 
a,b G=l 

AU+Afe 

E -^L(R) ^abTl^R) = E '^GC^To^ = Cj 
a,b G=l 



v(G) 

^L(R) - '-"L(R)- 
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4-2. The one-loop singular counterterms 

To obtain the one-loop singular counterterms, it is necessary to make in the non-hatted 
terms in eq. (37) the following substitutions 



Cjs^Sqx-xy-y — > gs^x^ Sqx-xys-Ys 1 



,,2 r^iS) 
s 

2 I /-I c \ " 2 I S Q 

g a L^p^bQx-XY-Y — 2^9s^ '^ox-xys--Ys i 



9 Ti^{K)SoA---A 



Na f Ns \ 

A=l \s=l / 

Ns ( \ 
+ X] s'na+s W^^k] Ti.{K)sSqAs-As ■ 

5=1 XKi^S ) 

Above, the symbol Y stands for any Lie-algebra-valued field. A new type of term should 
also be added. This term is the Abelian mixing term, which is given by 

The last line of eq. (37), i.e. the hatted contribution, has to be modified in the same 
manner. 

The reader should bear in mind that 5'^Cl(r)Q;' 5'o^(/)^(/)^ ^t,{R) Y.G^^i'^'H^''^ Aq- 



4.3. Expression of the breaking 

To obtain the generalization of eq. (64) to current case, one applies first the same kind 
of modifications as in the previous subsection. In addition, the following replacements 
should be made 

Ns / Ns \ 
5=1 \Kj!=S J 

and similar substitutions for the terms of the same type as Tl(r) c^bc^eda^abcd_ 

The traces of the product of three and four generators, which appear for example in 
the expression of anomaly, keep its form, but with the understanding that Tr is a matrix 
trace over the full fermion representation of the Gauge Lie algebra G. 
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4-4- Restoration of Slavnov- Taylor Identities 

Apart from modifications of the same type as describe above, we have to be careful 
with the resolution of the equations involving (and also Aii and Aig, but they 

actually do not give rise to any new result). Now, we substitute in eq. (67) aiAj (^^^f 
+a-^''-^^ Af^-^\ i = 1,2, Ai ^ A2, with the obvious meaning. 

Apart from the equation in Ai^^^^ , which will give together with the rest of the 
system an unique solution for 



1 



Ns 



Ns 



(I I 



fl 



A 



1 5 
(4^12 

1 1 



(47r)2 4 
1 1 



5=1 

[(H '^^)^L<5 + {lld'K)TRs]: 

Ns Ns 



S=l 



5=1 



[(11 + {U '^'k)Tks], 



' (47r)2 4 

we have new equations in Al^^"^^ and A\ 7^ Ai 

1 1 



Ki^S 

A1A2 J KAA2A1 



,AiA2 



,A2Ai 



— a. 



A1A2 



a. 



A2A1 



; 1-1- 3 

1 1 



Ns 



Ns 



(47r)2 3 



Ns \ / \ 

n tt^ + ( n j t 



A2 

R 



whose solution is not unique. This was expected because we have now a new invariant: 
F-^'^ , Ai 7^ ^2, mixing Abelian bosons. We can impose, for example, a^^"^^ = 0. 
Therefore, from eq. (69), with the help of the modifications given above (do not forget 

the new terms), one obtains following result: 




Ns 



Ns 



5=1 / \5=1 

Ns \ f Ns 



5 

12' 




{d''A-f:f+ ^A-^UA-^^ 
— {dAfi"^) {d^'A^f^'^) + \Af>'^uA^^'^^' 

^ashscs (^Q^j^{S)a^ j^{S)hstJ. j^{S}csv 



+ 



Trfuii[rL^L^L^L] + Trfuii[rgrRrRrR] J^aAb^^ACAdu 

12 y 
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Na+Ns 



G=l 



(92) 



+ 



+ E 9hci^^ [l -l)/6 

G=l 

- E ^5 [1 + («' ^'^^ - 1)] {Ls^ + Lsij + Rsij' + Rsij') 



G=l 



+ 



1 



(47r)2 3 



^1 ,^2 



Ns 



Ns 



A2 

R 



KS=1 



-Ai#-42 



where /^q', /^^g), ^^Vg), ^^V, and each /^^^^(l) for < ^2 < are arbitrary 

coefficients which will determine the renormalization conditions at the one-loop order and 
Lg^\ L^^\ lIj'^ L^, L^,, are any of the generalizations to the d-dimensional space-time 
of Dimensional Regularization of the corresponding 6-invariant four-dimensional operators 
which are written down explicitly in next subsection. 



4-5. Renormalization group equation 

The 0{TP) Lorentz invariant functionals Li with ultraviolet dimension 4 and ghost 
number which satisfy the following restrictions 

form a linear space. It is very convenient to have a basis for such space constitued by 
elements which are derived by the action of a compatible diferential operator over the 
classical action, because, as explained in section 3. 7., then, a quantum basis can be properly 
defined. The expansion of fidf^Fj-en in such a quantum basis, is just the renormalization 
group equation. Let us construct a basis for that linear space. 

* a) Cohomologically trivial terms 
We define for each field 

a, b being group indices. 
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These are terms which are 6-exact: 



r a — 
h = 

^u> b 



7-L(R)i 



7-R(L).j 
rR(L)j 
.L(R) J 



\ = h- jd'^x Al~p^, 

b- Jd'^x a;" C6 = [Nu^'b - A^C6"] -^d = Af^^^b S^u 



R(L) J 
^(') « 



-b . J d'x L, {R, ) Pr(l) ^ = ^ 'j Sci 
-b ■ j d^'x Pl(r) L^W) = N^[^\^ 5ci, 



but not all are linearly independent: 

d rL(R)i _ jri rR(L) j 

In the expression of La in terms of field counting operators, it is used the fact that 
S'cl satisfies the gauge condition and the ghost equation. 

Usually, not only the BRS simmetry is imposed to the IPI functional, but also other 
symmetry of the classical action, the rigid simmetry: 

where tJ'^'' is the adjoint representation for yl^, u;, a;, p^, C and B; TL(R)e for iI)^'\L{R)] 
and -TL(R)e for V;W,L(P). 

Then (5"^ S'cl = 0, which has the consequence 6] = 0. 

Also, our IPI renormalized functional constructed from eq. (92) with Breitenlohner 
and Maison mininal dimensional renormalization realizes this symmetry at one-loop level. 

If the IPI functional satisfies this new requirement, the set of admissible 6-invariants 
terms is obviously smaller. Thanks to proposition 5.9 of ref. [18], the trivial subset formed 
by terms which are 6-exact and rigidly symmetric is fully determined by studying the 
restricted cohomology, i.e. by studing the set of terms which are 6- variations of rigidly 
symmetric terms. 

Some of them are obvious generalizations of the trivial elements of eq. (30) : 



-(5) 



b- j^'x ~p^,f) Af) - , L(f ) =-b- j d^x (if a;(^) 



as 



Lh = -b ■ / d^x LPl^ + ^pPnL = 2 / dS - V'^PlV' + ^l^l'' PlT^M 



= -b ■ I d'^x RPn^' + iP'Pi^R 



rR 



-7 



I -7 



d'^x - V^'^PrV'' + i^'^PnTli^'Al 



d^x LPrV' + V^PlP = 2 d^x-ij^P^iP, 



L%, = -b - I d^x RPi^ij' + V^'PrP = 2 jd^x^ i^'^Pi^i^' ; 
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where S runs from 1 to A^. 

The rest are terms which are 6-exact but involve posssibly different Abehan compo- 
nents: 

Lf^-= h. jp^^'^A^^ = 
L^iM^ -b. Jc^'uj^^ = 

Notice that similar non-diagonal terms are not allowed for non-Abelian components 
because of rigid invariance (L^^"^^ and L'^^-^'^ are trivially rigid invariant even if ^ ^2)- 
L^^"^^ and L^^-^^ are related with the following multiplicative field renormalizations: 



But, they will not be needed in renormalization group computations, because in min- 
imal substraction of loop diagrams this kind of terms can not appear due to the fact that 
they involve Abelian ghosts. 

* b) Elements of the cohomology 

Imposing the rigid invariance, we have the generalization of the unique element of the 
cohomology of the simple group case: 



and the new elements (for A\i^ A-i): 



with ^1,^2 < AU- 

Note that = LgA = g-^dgA Sc\ 

These terms come from the renormalization of the Abelian components of the matrix 
C of eq. (91). At tree level, it is a diagonal matrix, but, more generally, it can be changed 
to a non- diagonal matrix in the Abelian part while the right hand side of eq. (91) continue 
being a rigidly invariant term: 
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CaiA-^ — {Zc)'a\'aI ^\a'^ 
We define: 



TA1A2 



d 



dCAiA^. 



l^AiAo. 



cl 



Therefore, eq. (74) becomes 

d ^^^^^ d 



Ns 



5=1 

which at order fi reads 



Ns 

E 

5=1 



7c 



9CAiA2 



G=l 

Afe Afe AU 

+E7i^^^4"^+E7jf^^^^if^+ E 7^^-^^^^^i^^^^^+o(/^^). 



5=1 



5=1 



Eq. (88) is thus generahzcd. 

Eq. (87) should be modified by applying the rules stated above and adding the new 
term: 

^ Ai,A2 \S=1 / '' 



(47r 
Therefore, 



A\^A2 



1 2 2 



.5(1) 



/5' 



5(1) 



A1A2 (1) 

7c 



(47r)2 3 
1 2 

1 

(4^ 



A\2 

k) 



\S=1 



\S=\ 

Ns 



(5) 



^5 2- 



1 — a 



fS 



C 



A ' 



T Na+Ns 



(47r) 



G=l 



(47r) 



1 AU+Afe 



G=l 



(47r)2 3 
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where a"^ = a'^/g%, 1 < A,AuA2 < Na, I < S < Afe. 



6. Conclusions 

We have shown by performing exphcit thorough one-loop computations that Dimen- 
sional Regularization a la Breitehloner and Maison can be used blindly to carry out cal- 
culations in chiral gauge theories. Up to best of our knowledge it is the first time that 
such a complete one- loop study has been carried out. It shows that the renormalization 
method at hand has all the properties that on general grounds were expected. Notice that 
here the cancellation of anomalies is not used to try to hide any inconsistency. Even when 
there is not cancellation of anomalies, the renormalized theory is finite and unambigous: 
in particular, the BRS anomaly is obtained without doing any tinkering. This is in stark 
contrast to the "naive" approach, were cancellation of anomalies is invoked to dangerously 
try to hide some incosistencies. 

We would like to stress the fact that it would not have been feasible to carry out the 
computations made in this paper without the help of the action principles and the BRS 
cohomolgy theory. This makes manifest the importance of these two theoretical tools in 
practical computations in chiral gauge theories. 



Appendix A: Slavnov- Taylor Identities 

This appendix is devoted to establishing eq. (19) by using the Regularized Action 
Principle as stated in eqs. (11) and (12). 

Let ^DReg be given by 
where 

Sint[^,<^-K^-X] = ^ointfv', ^]+ J d''xK^{x)sdHx)+si'^\ifi,<^;K^]. 

The symbols (p and $ stand, respectively, for sets of fields which transforms linearly and 
non-linearly under arbitrary BRS transformations. The generalization to "li-dimensions" 
of the BRS transformations are denoted by Sd(l>{x) and Sd^{x). We define SdK^[x) = 
We next define 

SintIv, ^; J^, J^, K^] = Sintiv, ^; K^] + J dfix{J^{x)if{x) + J^{x)^{x)) 
Following eq. (10), the generating functional .^DReg is introduced next 

Z-DKez[Jif,J^,K^] = (expj^S'iNTb, *;</<p,</*,-f^*]|)o, 
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where the symbol (■ ■ ■)o is defined as in the paragraph below eq. (10). 
Let A and Act de defined as follows: 

A^SdSo, Act ^SdS^^^ \ 

where = Soiree[<f; ^] + Soint[(fi, ^] + / d^x K^{x)sd^ix). 



We now introduce Sj^J^ for reasons that will become clear later: 



T 



"^INT ~ 'S'iNtI^') Jypi J^i -^*] + 'S'aux, 

where 



r SS^'^^ 

^aux = J d''x{T,{x)A{x) + T2(x)Aet(x) + Xf (x)^^^), 

and A = J'd''a;A(a;) and Act = / ci^a; Act(a;). Tj, i = 1,2 and 3 are external fields. We 
define Sd^iix) to be zero for any exteranl field T^. Then, we introduce the generating 
functional -^DReg ^ follows 

■^DReg[<^¥') <^*> -f^*) Ti, T2, Tf ] = (expl-^iNT^, J<f, J^i K^, Tj] 

where {■ ■ ■)o is defined as for ^DReg- 

It is obvious that the following equation holds in Dimensional Regularization: 

ZT)lieg[Jip, J^, K^] = -^DReg[<^</3; <^*; '"^l = 0, T2 = 0, Tf = 0] 

The Regularized Action Principle (see eq. (11)) implies that the following equation holds 
in Dimensional Regularization: 

Sd^DReg = /d^^ ( (a(x) + Act(a;) + i-irj^ix)s<fiix) + {-lfMx)s^x) 
+ terms proportional to Tj^ exp|^<S'j^rp[(^, J^, J$, K^, Tj| ^ =0. (A.l) 



Next, by using eq. (12), one easily obtains that 

Mx)s^{x) expjl^i^^T} )^ = ^ Mx) [aj-^ + <^J-^] (A.2) 



and 







- J$(x)-— - - J^{x)—^^- + terms proportional to Tj. (A. 3) 
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In eq. (A. 2) the linear BRS transformations Sdf are given by s^^ = a^y,<^ + a^$$. 
Now, by substituting eqs. (A. 2) and (A. 3) in eq. (A.l), one arrives at 



5Z 



5Z 



)+(-lf^J*(x)( 



+ - 



SJ^{x) 



5 J$ (x) 



' '^^DReg _ ^^DReg 

K^{x)) 5Tf(a;). 



+ -■ 



I 5Ti(x) i 5T2{x) 



+ terms proportional to Tj 



= 0. 



(A.4) 



Let us introduce as usual the generating functionals ZJY^^^[J^p, J^; K^,Ti\ and 

rgR,g[^,$;i^$,T,] = Zj^^^^[J^,J^;K^,T,]- Jd''x{J^{xMx) + Mx)^x)). (A.5) 

where the fimctionals in the previous equations are to be understood as formal power series 
in h and the fields (both external and quantum). By taking advantage of eq. (A.5) one 
turns eq. (A.4) into an equation for the IPI functional T^j^ $; K^, T^]: 



•^-^DReg. . X , ^/ \\ DReg / DRe, 

■{a^^(f{x) + a^^^{x)) ' 



S(p{x) 



DReg 



. DReg , "J- DReg , , . 

()T\\x) 5X3(0;) 



^^{x) \SK^{x) 5Tf{x) 
= 



(A.6) 



Finally, by setting Ti{x) = 0, Vz, in eq. (A.6) and taking into account that 

rDReg[<^, K^] = Tl^,^[if, $; K^, T, = 0] 
one obtains eq. (19) from eq. (A.6): 

^DReg OL DRee 



/ 



[Sd<P) ^^^^^ + ^^^^^^ ^^^^^ 



(A.7) 



Jdf^x A(a;) •rDReg + Act(a;) •rDReg+ ( 



ct 



Notice that 



DReg _ DReg 

5K^{x) ~ ST fix) 



ST 



DReg 



SK^{x) 
SSct 



• r 



SF 




Ti=0 



Ti=0 



T=0 ^^'f(^) 

A(a;) • TDReg and 

Act(x) • TDReg, 



DReg 



DReg 



DReg 



S^x) 



for eq. (12) holds. 
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Appendix B. Slavnov- Taylor Identities for e-dependent BRS 



This appendix is devoted to the study of the contributions to the right hand side of 
eq. (21) coming from BRS variations which depend exphcitly on e = 4 — d. We shall see 
that, unlike for the BRS transformations in eq. (31), the variation under these new BRS 
transformations of the singular counterterms yield a finite contribution to the right hand 
side of eq. (21). 

To introduce an explicit e dependence on the Dimensional Regularization BRS trans- 
formations, we shall replace the BRS transformation of given in eq. (31) with s'^A^ = 
V^a; + C{d — 4)V^a;. We shall assume, however, that s'^ acts on the rest of the fields as 
Sd does. Hence, s'^ defines BRS transformations with explicit e dependence. 

Although we have changed the Dimensional Reguarization BRS transformations, we 
shall not take a new Dimensional Regularization classical action, which still will be 5*0 in 
eq. (32). Thus, we will not modify the minimally renormalized IPI functional Fminren, so 
that we will have the eff'ect of the new Dimensional Regularization BRS transformations 
isolated. 

The s^-variation of Sq is given by: 

s'.So = A + Af + A^f + A^. 
Here, A = SdSo is the breaking given in eq. (34) and 

AI = -eC j d'^x ii^rPLTlij + i^YT^i^') (V;.a;)«, 
A'p = +eC J d'^x c"^^ p^^iV^coYu". 



2 

are the new breakings (which are also evanescent operators). Notice that s'^ ^ 0, 
whereas Sd'^ A'^ = 0. 

Now, let To denote dimensionally regularized IPI functional obtained from Sq, then, 
regularized Slavnov- Taylor equation for the ^^-transformations reads: 

S'diTo) = [A + Af + Ay + A^] • To, (B.l) 

where S'^ is the Slavnov- Taylor operator for s'^. Notice that 



^ ^ +Tr S- 



^Fo ^Fo JFo ^Fo ^Fo ^Fq ^Fq 
SL 5ip SR 5ip' 5L Sip 5R Sip 



5(^ Suj Suj 



The next issue to address is the derivation of the (anomalous) Slavnov- Taylor identity sat- 
isfied by the minimal dimensional renormalization IPI functional, Fminren- If we, naively. 
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just replace in eq. (B.l) every regularized object with their minimally renormalized coun- 
terpart, we will obtain the following equation 



5(r^inren) = N A + Af + AL + A 



r . 

^ minren- 



(B.2) 



This equation does not hold, though, since the coefficients of the regularized Slavnov- 
Taylor equation, eq. (B.l), do have an explicit e dependence. Indeed, at the one- loop level 
the following identity holds 







N 



(1) 



+ 0(^2). 



(B.3) 



This has been shown in subsection 3.J^. Now, let us substitute the previous equation in 
eq. (B.2). We thus come to the conclusion that N Af -|- Ag^ -|- A^ • Fminren should vanish 
at the one-loop level. Which is nonsense, for a diagramatic computation shows that 



N [Af + A|f + Ag • r 

-n 



(1) 



(47r)^ 



G (a'CA + 2a'CL) / d^x 



,4 ^^c\il}i)A 



+ 



3--{l-a')]CA + 2a'C^ 



d^x 



SS. 



clipjiA abc Ab , ,c 



+ 



5A- 



3--{l-a')]CA + 2a'CK 



SS. 



clip' i^' A ^abc j^b^c 



5Al 



-{l-a')CA d 



X 



5S, 



Cl LOU! A 



+ 



5S, 



cl pujA 



(B.4) 



+ 2a'CA 



LJUJ A , 5Sc\pojA 

H :r-^^ — I C 



5Al 



5Al 



abc j^b c 



+ + ^(1 - a')) Ca J d^x (d^B^) (d^^uj-) 
jd^x {d^B^)~ 



a' C t 



^abc^b c 



Hence, a contribution to the right hand side of eq. (B.2) is missing. This missing contri- 
bution should apparently be furnished by the second and third terms on the right hand 
side of eq. (21), which is a consequence of eq. (A. 7). But, it is essential to remember the 
assumption made in Appendix A in order to properly deduce eq. (A. 7): the dependence in 
in the starting dimensional regularized action should be J if s'^ is the variation 

under study. 
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Therefore, due to the fact that the dependence in of the chosen action is just 
J SdA^^, an extra factor of 1 — Ce is needed in eq. (A. 3), when studying s'^ variations: 

(l-Ce)^ Ja'^{x) I ^ - .^f/f!^x I + terms proportional to Tj. 

Then, the equation (A. 7) becomes 

«5^(rDReg) = s'j^iSo + Set) ■ rDReg + 

Ia^^ sr ( ^^^^ V \ ^^DR^g I n rA( ^^^^ V \ ^^DR^g 



and the correct modification of eq. (B.2) is: 



»5(rniinren) 



N 



A + Af + A^f + A 



^ minren 



(1) 



7 



C d^x 



(\7 ^Sci ST 



+ 



(B.5) 



Here, T = LIMd^^^eVo'^^j^g^ , with FQ^gj^^g as given by eqs. (36) and (37). Notice that the 

second term on the right hand side of (B.5) cancels the contribution displayed in eq. (B.4). 
Eq. (B.3) is thus recovered. 

Of course, if we want to use eqs. (19), (21) and (22) — with s'^ instead of — , we have 
to choose the following new Dimensional Regularization classical action: 



which cause the breaking 



s'^S', = A + Af + A^f + (1 - Ce)A 



and a new perturbative renormalized IPI functional F^j^^j.^^^. 

Therefore, in this case, from eq. (19), (21) and (22), we conclude that the (anomalous) 
one-loop renormalized Slavnov- Taylor identity reads is 



'^(rminren) — ^ [Srf'S'o] ■ ^rnh 



(1) 



+ C d^x 



ST SSc\ ST 



+ 



/ 



ST ^..o 



Suj°- 



sc- 



^ ' SA- ' SA-Sp^ 



+ 
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Appendix C. Comparison between "naive" and Breitenlohner and Maison 
minimal dimensional renormalization schemes 



In this appendix we shall make a thorough comparison of the minimally renormalized 
one-loop IPX functionals obtained within the "naive" dimensional renormalization pre- 
scription, on the one hand, and the Breitenlohner and Maison Dimensional Rcgularization 
scheme, on the other. The quantum field theory under scrutiny will be the theory already 
studied in section 3. Obviously, at the one-loop level, differences only arise in diagrams 
involving fermions. We will denote these contributions with the subscript f • AH along 
this appendix, the subscripts BM and "naive" will indicate that the corresponding quan- 
tity has been evaluated by using the Breitenlohner and Maison scheme and the "naive" 
prescription, respectively. 

Let us begin with the self-energy of the gauge field. Here, only the fermionic loops 
may give rise to differences between the two calculational techniques. There are terms with 
one 75 and four 7s in the trace, but their contribution explicitly vanish, the reason being 
the contraction of two 7s of the antisymmetic trace with the same momentum q. The 
"naive" prescription does not yield ambiguous the results in this instance. These results 
read 



t(1) fxhi,ab 
F AA naive 



1 7 5 1 ^ -p-^ -h ie 



+ 0{e) 



for the regularized theory and 



pR(l) fiiy,abf \ 
AA naive \P) 



47r2 



(Tl+Tr) 



7 5 1 , —p + ie 

1 In — 

6 1 8 6 47r//2 



for the renormalized Green function. It should be understood a sum over the different 
fermionic multiplcts: Ylk=i +2^r=i ^R- Notice that both results are transverse, so that 
the corresponding Slavnov- Taylor identity holds. 

The calculation within the Breitenlohner and Maison framework is also straightfor- 
ward and it yields the following regularized expression 



p(l) fiiy,ab/\ 
F BM \P) 



^ab 



1 



47r2 



(Tl+Tr) 



1 

3e 



7 5 

- H 

6 18 



1 



In 



-p^ + ie 

A.TTIJ? 



1 (rL + TR) 

47r2 2 



1 7 5 1 —p^ +ie 1 
3£~6^18~6 ^ 47r//2 ^ 6 



(C.l) 
+ 0{e). 



Notice that there is a singular contribution at £ = whose residue is a an "evanescent" 
polynomial of the momentum. Minimal subtraction has to be applied also to this contri- 
bution; in the language of ultraviolet divergent counterterms: counterterms with hatted 
objects are also needed! This is important for the consistency of calculations in the next 
orders [32]. 
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The renormalized IPI fermionic contribution to the gauge field two-point function 
defined by minimal substraction d la Breitenlhoner and Maison reads 



tR(1) fiu,ab 



F AA BM 



ip) 



pR (1) iiu,ab 



F AA naive 



(p) - d"^ 



4n^ 12 

which difi'ers from the "naive" result in a non-transversal quantity, so that it is clear that 
this result do not satisfy the Slavnov- Taylor identity. 

But, we learned from eq. (40) that the Slavnov-Taylor identities for the regularized 
theory d la Breitenlohner and Maison have a breaking, so instead of transversality the 
following equation should hold 



-in r^^^ ^^'^'"■^ 

''flJ'^ AA BM 



t(1) i^,a{ 
Alo-A BM 



(p;0) 



(C.2) 



(because the insertion of the breaking is integrated, it is an insertion at zero momentum). 

The right hand side of eq. (C.2) is just the sum of the IPI diagrams in fig. 5 with A 
instead of A and p instead of pi. Their value is: 



^ Aa.;A BM KP^ D - <^ 



47r2 2 

i (Tl + Tr) 



1 7 5 1, 

--\ In 

3s 6 18 6 



-p^ + ie 



p^p^ 



+ 



47r^ 



12 



V \ + 0{e). 



(C.3) 



As it should be. Indeed, eqs. (C.l) and (C.3) satisfy (0(e)) eq. (C.2). The contribution 
from the sum of diagrams with bosonic and ghost loops is obviously transversal and thus 
it is of no bearing here. 

From eq. (42) we get the renormalized counterpart to eq. (C.2): 



''PlJ-^ AA BM \P) — ^ 



R(l) 



'(p;0), 



-IPH*- AA BM Kl"! ~ Au);N{K\ BM 

which is also satisfied because minimal subtraction applied to eq. (C.3) yields 



pR(l) M,a6/ x_ra6j_(^L^tZRl„M„2 
^ 4,.,.AnAi BM If^'^J - ^ io PP- 



Aa;;iV[A] BM V/^'-i/ - 

We have checked thus eq. (42) by explicit computation of both its sides. 
The following results will be needed as well 

■pR(l) ai,0j/ \ _ -pR(l) ai,Pj / \ _ 
^ BM \PJ ,/„/, naive \P/ 



1 



(47r)' 



! + («'- 1)3 



■pR(_l) u,ai,l3j / \ _ pR(_l) u,ai,l3j 

1 o.„ Ca 



(?,P) 



(4.)i^^(^^-^) 



2+(a'-l)- 



(47r)2 
1 



(47r)' 



1 + (a' - 1) 

2 + (a' - 1) 



5 

12 
5" 
6 



+ 
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The first term of tlie sum corresponds to tfie QED-like diagram and tlie second term to 
tlie diagram witli tlie tliree boson vertex. 

Let us move on to tlie computation of the most interesting one-loop IPI functions to 
compare, namely, the three and four point IPI functions for the gauge field. In both these 
cases the "naive" prescription leads to ambiguities. 

The fermionic diagrams which contribute to the one-loop three boson vertex are 
shown in fig. 13. The contribution from the diagram drawn there will be denoted with 
^-'-"a&c'(^i' ^2, ^3)- The full contribution will thus read: 

+^Kb!:ik^, ^2, ks) + iRZcik2: ku k^). 




permutation 
-|- of -|- idem with R fermions 

legs 1 and 2 



Figure 13: The one-loop IPI Feynman diagrams with three bosonic legs 



We shall focus first on the calculation of ^L^^^ '^'^^^bc- The other diagrams are 
obtained simply by exchanging (/ci, /x, a) with (/c2, z^, h). Of course, the three momenta are 
not independent: for example, ^3 = — /c2 — ki. 

The "naive" and Breitenlohner and Maison dimensionally regularized integrals take 
the form: 

iKZiki, k2, ks) + tKbciku k2, ks) = 

^ J {27r)d (k - ki + ie)^{k + i€)^{k + k2 + ie)^ ' 
where the numerator depends on the regularization algorithm: 

KL' naive =T{:'^ Tr [ - 1^,)^>^ P^Y Pl.{^ + h)Y ] + 

ivr/ BM =Ti'' IV [ - ^,)rparPL{^ + h)rPL ] + 
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Now, we anticommute the 75S of the projectors in the "naive" expression towards the 
right to get 

rpabc I rpabc 

^ 2 ^ TV [ - ^i)7'^^7^(^ + ^2)7^ 75 ]. (C.4) 

Notice that when the integration over the k% is done a trace over six gammas, two of 
them contracted, and a 75 occurs. This is precisely the source of the ambiguity displayed 
by eq. (7) ! Indeed, if we had decided to leave the matrix 75 in another place, the minimally 
renormalized results should differ in a local quantity: there is a divergent loop present, 
and the ambiguity of eq. (7) is proportional to £ = 4 — d. This is the reason why we have 
labeled the numerator with the subscript 1. 

Therefore, we can write 



rpabc I rpabc rpabc rpabc 



2 -Tvv(^l. ^2, ^3) + ^ ^ ^ T^VA(fel, ^2, fcs), (C.5) 

where Tyvv stands for the Abelian Green function [i.e. without gauge group matrices) 
and with three vector-like vertices and Tyy^(/ci, /c2, ^^3) denotes the Abelian diagram with 
an axial vertex 7^75 in the leg carrying momentum k^. 

The Breitenlohner and Maison counterpart to eq. (C.4) is (we have used eq. (26)) the 
following 

rpabc I rpabc _ _ _ _ _ 

Kbc' BM = ^ ^ ^ IV [ (^ - + + 

rpabc rpabc _ _ _ _ _ 

^ 2 ^ Tr [ (^ - ^i)7'^^7^(^ + 75 ] . 

It is easy to calculate the difference between the renormalized result obtained with 
the help of eq. (C.4) {do not move around the 75 "matrix") and the renormalized result 
obtained from cq. (C.5): the only contribution to this difference comes from the renormal- 
ization of the dimensionally regularized integral whose numerator is given by 

rpabc _j_ rpabc 

2 

rpabc rpabc _ _ _ 

^ ^ {Tr[|i7'^^7^(^ + y7^75] + Tr [ ^7'^^7^^7^ 75 ] + 



{TV[^7'^^7^(^ + ^2)r] +T^[ljtTWW] + 



2 

The value of that difference is thus the following 

iKZlmiki, h, k^) + iK'^^^uiki, k2, ks) 

- Kbc'n.We, (kl, k2, ks) - iKbc'lwe, (^1, ^2, ^s) = 

^ _J_T^^ + T^ r, Aki-k2Y , (fci + 2fc2)^ _ {2k^ + k2r . 
{AttY 2 3^^ 3 ^ 3^ 



„ 7106c _ rpabc (U _ U \ 
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Notice that the second term of the previous equation is not cychc, i. e. if we make the 
change (/ci, /U, a) {k2^ b), {k2, z/, b) {k^, p, c), (k^, p, c) (/ci, p, a) the term changes. 
This seems to be incompatible with having a trace which is cycHc (or with the fact that 
we can start to read a closed fermion loop wherever we want) . Of course, if a prescription 
for Feynman rules is consistent, the renormalized result should be also cyclic. This is the 
case for the Breitenlohner amd Maison result, as can be checked explicitly. But in the 
"naive" prescription case, if we insist on an anticommuting 75, the cyclicity of the trace is 
to be abandoned, lest the trace of four gammas and one 75 vanishes. The lack of cyclicity 
of eq. (C.6) is due, of course, to the inconsistency of the "naive" prescription with the 
ciclicity of the trace. 

One could insist on keeping an anticommuting 75 and cyclicity of the trace. But, then, 
as we know from eq. (6), the trace of four gammas and a 75 should unavoidably vanish. This 
would not do since it would set to zero any dimensionally regularized Feynman integral 
that is finite by power-counting a,t d — 4 and whose Dirac algebra yields a contribution 
proportional to the trace of four gammas and one 75. 

The cyclicity of the diagram is also needed for obtaining a Bose symmetric IPI function 
after summing the crossed diagram. Taking into account this crossed diagram the difference 
between the complete IPI functions in both schemes is: 

f ^'^rBM(fcl, k2, ks) - f (l)::,7Lve, ih, ^2, ^3) = 

= ^ I i C''" (Tl + Tr) [g^^'^iki - k^r + 9'''{k2 - - - hy] 

+ [^{TK.T^m - Tr{Tl,Tl}Tl] Tr[{^,- h)rYYl5] • (C.7) 

The second term on the right hand side of the previuous equation is not Bose symmetric 
unless it is zero. 

Notice that the problem of the inconsistency of the "naive" prescription can be swept 
imdcr the carpet by chosing the matter content so that 'Tt{T^,T^}T^ —'TT{T£^Ti^}Tf^ 
(= d^'^ — df^"^ = (iR-L) vanish, i.e. if there is cancellation of anomalies. Moreover, we 
have compared the unambiguous Breitenlohner and Maison computation with the "naive" 
result obtained by putting the 75 after the 7^ (see eq. (C.4)). If we had put it after, say, the 
7^, the new difference with the result a la Beitenlohner and Maison has exactly the same 
first term as the difference in eq. (C.7) but its second term is the second contribution in 
the right hand side of eq. (C.7), upon having changed cyclically the indices and momenta 
of the latter. That is, the one-loop difference between two possible "naive" calculations 
is a term involving a product of an epsilon tensor and the coefficient (i^^L ~ '^r-l ~ 
^{a6c}| xj^is justifies the statement that if there is cancellation of anomalies there is no 
ambiguity in the one-loop "naive" computation of the three boson vertex. In ref. [29], it 
was correctly claimed that the one-loop essential anomaly could be also obtained with 
the "naive" prescription for the Abelian case from a VVA triangle diagram by simply 
not moving around the unique 75 which appear in the traces, computing explicitly the 

t {• • •} enclosing indices means symmetrization and [• • •] antisymmetrization 
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dimensional integrals and contracting, at the end of the day, the final expression with the 
momentum in the axial vertex. In fact, with our notation 



K T^v^l/ci, ^3) = T,[}^,}l^^rYl^]. (C.8) 

which, with the crossed diagram, gives correctly the Abelian chiral anomaly. Of course, 
also is checked explicitly that 

It is widely known that a zero (so, incorrect) result can be obtained by performing 
shifts in the integration variables and using the cyclicity of the trace and the anticommu- 
tativity of Therefore, the correctness of the results above seems to be due to the fact 
that in the explicit calculations no use of the anticommutativity of 75 have been made. 
Unfortunately, for this restricted -the 75 is not moved around- "naive" prescription action 
principles cannot be usefully applied (the action is not invariant if the 75 is not anticom- 
muted) and, more importantly, in local gauge chiral theories, such as the model studied 
here, triangle diagrams VAA and AAA also appear. If one decides not to anticommute 
the 75S before the subtraction is made, one cannot tell before hand whether the result 
will satisfy the Slavnov-Taylor identities with the correct essential breaking, unless explicit 
check is made order by order. And if one naively anticommutes the 75S, then one will 
obtain ambiguous results (which turns out to be safe in one-loop calculations if there is 
cancellation of anomalies, but it is not clear at all what happens at higher orders) 

Of course, the Breitenlohner and Maison scheme is a consistent method and has none 
of these problems. From eq. (42) we get the explicit identity which involves f ^^""i: 

- i c''- [ {2k + p)p g^. -ik + 2p), g,^ + {p-k)^ g,, ] f^.^^J^^j -(; + p) 

c^'"f5i^^ -(p) + c-f5i^) i%{k) - i//p2p^^(p) f5(^},[^^j i-^{k,p) 
-i//pp^-(/c)f;(^i[,^j-;(p;/.) = f^i'2^^[^jt^;(/^,p;o), 



where is the transversal Lorentz projector g^" — ■ 

The diagrams without fermions satisfy the Slavnov-Taylor identity without breaking; 
therefore, 

^R(l) 6ca /T, ^^ _i_ ^e6a pR.(l) ce , ^eco (1) 6e /7,\ _ 



-\- P^^jS^Y AAAvpiS}^iV) "rp^^p^(p)-i-c'^'^'*rp^^j^^(/c) — 

SR(1) 



The explicit calculation of the right hand side of the last equation gives a result which 
contains spurious anomalies, i.e. which can be canceled by adding finite counterterms to 
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the action, this we have already seen in subsection 3.6., and a part which is the correct 
essential anomaly: 



(47r)2 3 

1 1 (^bca 

Notice that even if there (iR_L = there are spurious anomalies in the calculation. 

For the "naive" prescription, by using eq. (C.5) and anticommuting the 75S, it is 
possible to write 

fR-(l) bca naive/7. \ _ • bca + rr^t/p^ /, _jL _ „^ 
^YAAAvp^j. yl^iP) —^C 2 -'-vVVl'*''^' 

Therefore, the left hand side of eq. (C.9) in the "naive" prescription (anticommuting 
75) reads: 

^bca TR + n {(fc +p)^T^PA.^(fc,p, -fc -p) - TZ^ip) + TX(fc) } 
fjbca 

^ ^ (/c + p)^ Ty^^(/c, p, -k-p). 

But the first term between brackets vanish in the "naive" prescription without incur- 
ring into any inconsistency -no 75 is involved. Hence, we arrive at the conclusion that 

^bca 

l.h.s. Of eq. (C.9) = ^ i {-k - pY T'(P,^^{k,p, -k - p), (C.IO) 

in the "naive" dimensional rcgularization prescription (anticommuting 75). Next, one 
could think of applying eq. (C.8) to obtain an "anomaly" ^^^^ Tr [^|(7i^7p ] , which 

is different from the correct Breitenlohncr and Maison result. Moreover, cq. (C.IO) was 
obtained by putting the one 75 that is left after the anticommutation process is done in 
the position fj,. If we had put it in the position v, we would not have obtained any anomaly 
at all. (The "anomaly" obtained with the first choice for a place for the 75 is three times 
the correct Breitenlohncr and Maison result and three is the number of choices). This 
shows clearly that the "naive" prescription cannot give consistently the one-loop anomaly 
in chiral local gauge theories. Therefore, the claim that "we do not need discuss the graphs 
containing the AAA triangle since these behave in the same manner as the AW triangle" 
of [30] seems to be not well justified. 
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+ idem with R fermions 



\b pc 
Figure 14: one-loop IPI Feynman diagrams with four bosonic legs 

Let us move on to computation of the one-loop four gauge field vertex. This vertex 
also contributes to the anomaly. We have already shown in subsection 3.5. that the 
Breitenlohner and Maison scheme gives the correct relative factors between the anomaly 
from the three gauge field vertex and from four gauge field vertex. 

The one-loop IPI four gauge field function is given by the sum of the diagram depicted 
in fig. 14 and all the diagrams which are obtained from the first by performing all the 
possible permutations of three legs. 

Proceeding as for the three boson vertex case, the difference between the renormalized 
minimal Breitenloner and Maison result for the diagrams of fig. 14 and the "naive" result 
defined with the by putting the 75 after the 7'*' -the result depends on the possition of the 
75- 

rpabcd rpabdc rpacdb rpadcb rpacbd rpadbc 
qI^i^ qP^ r o L+R I q L+R I q L+R I q L+R r L+R r L+R 1 I 
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(47r)2 2 ' ' ' '-"'^ 2 2 2 2 2 2 

Notice that the first term between brackets is cyclic but that the second one is, in 
fact, 3T^^L^^, i.e. antisymmetric in the last three indices but not in the four indices, so, 
again, is not cyclic. 

Then, the complete difference, taking into account all diagrams, is: 

Q , rp{a,b} {c,d} rpacbd rpadbc 

^ ^ [gl^^aP^ To / L+R ^ -'l+R ^ L+R 1 

rT-,{a,d} {c,b} rpabdc rpacdb 

M -prafL+R ^h^^s^U 

y y L 2 2 2 

rp{a,c} {b,d} rpabcd rpadcb 

gf.PgU\ ^3^i±R 5^;±Ri _5^i±R ] I 



(47r)2 2 
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where we have defined 



Tt+S ^''"^ = ^ {^l", Tl} {T£, T^} + Tr {T^, T^} {T^, T^} , 
and similarly V^'^'^. 

Again, the first term between brackets is a local term which can be checked to be just 
proportional to the Feynman rules of Tr ji-^.^ A^A^ Ajy A''' and Ti-^+l A^A^.A'^ A'^ ; whereas 
the second term is not Bose symmetric and reflects the inconsistency of the "naive" pre- 
scription. Also, we can use these result to show that the ambiguities in the "naive" 
calculation of the one-loop four boson vertex is proportional to the epsilon tensor and to 
the coefficient V^'^'^ — D£^^^, which vanish if there is cancellation of anomalies. For exam- 
ple, the one-loop renormalized difference between the "naive" calculation with the 75 after 
7^-Pl(r) and the "naive" calculation with the 75 after 7''Pl(r) is i/Stt^ s^^px (X)«''cd_pa6cd 

We have exhibited by explicit computation the many inconsistencies that plague the 
computations leading to a renormalized one-loop chiral gauge theory if the "naive" Di- 
mensional Regularization presciption is used. The classical action of the theory was given 
in subsection 3.1. To close this appendix we shall show that in spite of these inconsisten- 
cies, and if the chiral theory is anomaly free- a compulsory constraint-, the renormalized 
BRS invariant chiral theories obtained by means of the "naive" dimensional regularization 
presciption, on the one hand, and Breitenlohner and Maison Dimensional Regularization 
procedure, on the other, are equivalent at the one-loop level, in the sense that they are 
related by finite BRS symmetric renormalizations of the fields and couplings of the theory. 

As wc have previously compared the Breitenlohner and Maison renormalized theory 
with the "naive" renormalized theory when no finite BRS-asymmetric counterterms have 
been added to the former to restore the BRS symmetry, the comparison between the two 
renormalized theories, when the BRS-asymmetric counterterms have been added to the 
minimal Breitelhoner and Masion renormalized theory, is very easy. 

Due to the fact that, in the situation of cancellation of anomalies, the "naive" min- 
imal dimensionally renormalized theory satisfy the Slavnov-Taylor identities at order 
the finite counterterms relating the two renormalized theories should appear in 6-invariant 
combinations. And this is what nicely happen, upon inclusion of finite BRS asymmet- 
ric counterterms, the Breitenlohner and Maison renormalized theory equals the "naive" 
renormalized theory if the coefficients -l^g \ i^V, l^^^ and l'^^- of the BRS-symmetric 
counterterms in eq. (69) are chosen to be given by 

This corresponds, of course, to a mass-independent multiplicative finite renormalization of 
the fields and parameters of the effective action. Hence, the beta function and anomalous 
dimensions of both renormalized theories are the same at the one-loop level. The finite 
renormalizations we have just mentioned read 
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A = A*, B = B*, oj = oj*, ui = a)*, 

p = p*, C = C a = a*, 

^ = (l + (4^&^*'^')^^ 

i^' = {l + j^9''Cn [! + («'-!) A] h'Pn)i^'\ 

L = LM1+ (4^^*'Cl [l + K-l)^] ^^Pl), 
L={l + j^,g^^ [1 + (a' - 1)^] Pr) L*, 
P = i?*(l+ (i^^/^'C-R [l + (a'-l)^] n^PR,), 
^=(1+ (i^^^'C-R + n^POP*. 

Where the fields and constants with a star are the renormahzed fields and constants 
in the "naive" minimal Dimensional Regularization prescrition and the fields and constant 
without stars stand for the corresponding renormalized quantities in renormalized theory 
obtained by means of the Breitenlohner and Maison scheme (minimal subtraction plus 
addition of the finite counterterms in eq. (69), with l^l^, /^V, l^^ and l^J^^ set to zero). 
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